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1�Ù �*�_5�÷*Ø�_5 3ǑXÚ¥z��÷*�ÛÜ¥Ñ��¹
�þ��*âf§k�ÿǑ¡ù��÷*�ÛÜǑ/Ôn�0§=÷*þwé�§��*þwÙ¢�,é�"ù«Ôn�ÛÜ��3�N
�¯K���Ø%AÆ§=3÷*ºÝ��*ºÝ�m�3��/Uh0�
1.1 Ä:�£PXÚS��*G�ǑX , §dXÚ¥�âf� �ÚÄþǑx§=X = (x1,p1,x2,p2, · · · ,xN ,pN), ª¥xiǑiâf� �¥þ§piǑÙÄþ"XÚ¤k�U�*G�¤�¤��m¡���m§P�M, ÏdXÒ´M¥�:"éw,§M´��6N��m§duN´��ã��êi§¤±M´��4àp���m"XÚ��*ÄåÆ�±dXeM�î�K�§£ã

dxi

dt
=

∂H

∂pi
,

dpi

dt
= −∂H

∂xi
. (1.1)Ù¥H(X)ǑXÚ�M�îþ§ǑÒ´oUþ§Ï~äkXe/ª

H(X) =

N∑

i=1

p2
i

2mi
+ U(x1,x2, · · · ,xN), (1.2)ùpUǑâfm��p�^³U"M�î�K�§�)£ã�Ò´XÚ3��m¥�üzL§"éu,�?¿��©^�X0, PM�î�K�§�A�)ǑXt =

(· · · ,xi(t),pi(t), · · · ), §£ã�´�^lX0:uÑ��;,"·��±Ä�/rù�){PǑ
Xt = gtX0, (1.3)ª¥gt¡��6§§´��Ä��$�§gt�^3�©�:X0þ§=��t�Ǒ��:Xt, �ó�§gt�Ä��^¤�)�§Ò´XÚ3��m��müz"éw,§g0AT´��ð��^§Ø�P�
g0 = 1. (1.4)



1�Ù �*�_5�÷*Ø�_5 4b�·�r�m²£�e§ls�Ǒm©üz�ã�mt(=üz�t+ s�Ǒ)§KATkXt+s = gtXs = gtgsX0, ,��¡§·�Ǒ�±��l0�Ǒüz�t+ s�Ǒ§l
kXt+s = gt+sX0, üö�'�§=k
gtgs = gt+s. (1.5)AO�§gtgs = gsgt"Ǒ=´`§�6gt´��m���üëC�+§
�´��C��+§+��{d�6�Ä��^û½"P��m�NÈ�Ǒ

dX ≡
N∏

i=1

d3xid
3pi

(2π~)3
, (1.6)ª¥~ê~�Ú\´Ǒ
����NÈ��þjz(§¢SþÒ´ÊK�~ê)"K§Í¶�4��½nw�·�

dXt = dX0, (1.7)=3�6��^e§��mNÈ��±ØC�'uù�½n�y²§·������:"b�·�3��m¥?���«�D0, P§�NÈǑVol(D0)§¿P3�6��^e§ù�«�3t�Ǒüz¤Dt, =Dt = gtD0, K4��½nw�·�
Vol(Dt) = Vol(D0). (1.8)=3�müz�e§��m�NÈ�±ØC"ù´ÏǑ

Vol(Dt) =

∫

Dt

dXt =

∫

D0

det(
∂Xt

∂X0
)dX0 =

∫

D0

dX0 = Vol(D0). (1.9)ª¥·�5¿�§du4��½n�(1.7)ª,ä�'1�ªdet( ∂Xt

∂X0
)Ù¢�u1"y3�Ät → −t��m�ü§·�P�*G�X��m�ü�ǑX"éw,§3�m�ü�e§âf�Äþ¬��§=pi → −pi, l


X = (x1,−p1,x2,−p2, · · · ,xN ,−pN ). (1.10)



1�Ù �*�_5�÷*Ø�_5 5l(1.2)ªØJwÑ§XÚ�M�îþ´�m�üØC�§=÷v
H(X) = H(X). (1.11)?
ØJwÑ§M�î�K�§(1.1)Ǒ´�m�üØC��ù��`²XÚ��*ÄåÆäk�m�_5"b�3t0�Ǒ�XÚ����*�Xt0§4§üz�ã�mτ , K¬��t0 + τ�Ǒ��*�Xt0+τ"�*ÄåÆ��_5¿�X§b�·�3t0 + τ�Ǒ�=¤kâf�Äþ§?
��Xt0+τ , ,�4XÚ�X2üz��τ�m§KXÚò_�üz§�ªt0+2τ�Ǒ��*���£8�Xt0"444������½½½nnn���yyy²²²e¡·��Ñ4��½n�y²"éw,§�y²dXt = dX0, �Iy² ∂

∂t
(dXt) = 0, 
ùq�duy²

dXt+ǫ = dXt, (1.12)ª¥ǫǑ���¡���m"�y²ù�(J§·�I�^�Xe�5�êð�ª
det(I + Aǫ) = 1 + ǫTr(A), (1.13)ª¥IǑn× n�ü Ý
§AǑ?¿n× nÝ
§ǑP�An×n"e¡y²(1.12)ª"Äk§
dXt+ǫ = det(

∂Xt+ǫ

∂Xt

)dXt. (1.14)¤±§�y²(1.12)ª§��y²det(∂Xt+ǫ

∂Xt
) = 1"duXt+ǫ = Xt + ǫẊt, ¤±

(∂Xt+ǫ

∂Xt

)
6N×6N

= I6N×6N + ǫ
(∂Ẋt

∂Xt

)
6N×6N

. (1.15)�\þ¡�ð�ª(1.13),=k
det(

∂Xt+ǫ

∂Xt

) = 1 + ǫTr(
∂Ẋt

∂Xt

) = 1 + ǫ
N∑

i=1

(
∂ẋi,t

∂xi,t

+
∂ṗi,t

∂pi,t

)

= 1 + ǫ

N∑

i=1

[ ∂

∂xi,t
·
( ∂H

∂pi,t

)
− ∂

∂pi,t
·
( ∂H

∂xi,t

)]
= 1. (1.16)



1�Ù �*�_5�÷*Ø�_5 6���1·��\
M�î�K�§"(1.12)ª�y�?
4��½n�y����***������nnn�����4�f5Ýf§p¡Ck6��*âf§Ýf�¥k�Ü��òÝfþ©¤ü�§�©�ù6�âfÑ?u�>��"y3§ò¥m���£m§�où6�âfdu�p�m�-E±9�Ý9�-E§Ò¬Åì/l��>Ýf*Ñ�m�>",
§XJ\k�:F%§�oØI��þAU§\ÒUuy§ó��§ù6�âfǑ¬�Ü�£��>Ýf"Ǒ=´`§XJâf�ê8Øõ§�o*ÑL§Ò´�_�"�´§XJâf�ê8��1023�§�o\Ò�¬*	�âfl�>*Ñ�m>§=�\��UǑ/P�»¤«§ǑØ¬��¤k�âfqgÄ�£��>Ýf"Ïd§éu÷*ê8�âf§*ÑL§ÒØ�_
"�êA�âfÚ÷*ê8�âfǑ�o¬Úåùo��«OQº{ü�£�´§ù´��VÇ¯K§-EX�âfokVÇl©Ùu��Ýf�£���>Ýf§¯K´§XJâfê8é�§�où�VÇ´�*�§±�u\�I�þAUÒU*	�ù�y�"�´§XJâf�ê8��1023�§�où�VÇò4à�Cu"§��32−1023þ?(z�âfÑk1
2
= 2−1�VÇ£��>),Ïd§=�\���»¤«§ǑØ¬kÅ¬*	�§u)�g"AO�§3N → +∞�¤¢9åÆ4��e§�A�VÇò���Cu"§ù�*ÑL§ÒC¤100%Ø�_�"e¡·����§Ò´UìÀ�[ù�g´§òù�'u�*�_5�÷*Ø�_5��*�nu�¤��XÚ�nØ"

1.2 ÷*Ø�_5�å
�Äçxü«ØÓ�Ú�$Y©OÓâ���4Ýf��mü�§£m¥m���4ü«$Y*Ñ·Ü�L§"Xã(1.1)´éù�L§�oÜ¯ì§·��?Ö´§�äùoÜ¯ì��m^S"?Û��k)¹²��<ÑéN´�äÑ§ùoÜ¯ì��(�m^S´la�d,=a → b → c → d"ÏǑ·�l5vk�L���^S",
§
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ã 1.1: $Y*Ñ·ÜL§�oÜ¯ì"$Y´3���4Ýfp§�mü�$Y��ÚØÓ"�X
©¤`§�*$Y©f�$ÄÙ¢´�_�§XJa→ b → c → d�^S�±u)§�or¤k$Y©f�$Ä���L5§Ò¬k���d → c → b → a�^SÓ��±u)"�o·�Ǒ�ovk�L·Üþ!�ü«$Y©fgÄ©l�ù«_L§QºP$Y©fXÚ��*G�ǑX§éw,§ã(1.1) ¥�¯ìØU��/ǑxX§¯ì�´éX�oÑǑx§·�¡�ǑXÚ�÷*�§P�M(X)§L«��*�X�éA�XÚ÷*G�"���±��éõ�*[!ØÓ$��É$��XÚ�*�X¤ûÑ5�¯ì´©EØÑ�É�§l
éAÓ��÷*�M"'�`§¯ì�{©Ez��Ôn�ÛÜ��*[!"2'�`§éw,§¯ìØU�N$Y©f�$Ä��§Ïd3·�ù�¯ì�~f¥§XÚX¤éA�÷*�7½�Ó§Ǒ=´



1�Ù �*�_5�÷*Ø�_5 8`M(X)´�m�üØC�"o�§·�ÏL¯ì5½ÂXÚ�÷*�§�Ü¯ìéAéõØÓ��*�§�âù�½Â§÷*�M�,Ò�±���ÓÓÓǑǑǑ��mM�,�f8§P�M ⊂ M§éAuÓ�Ü¯ì�¤k�*�XÒ�¤ù�f8�¤k�:"
�duM�m�üØC§¤±·��±rM¥?ÛpǑ�m�ü��é�*�©O8\f8M+ÚM−¥§?
=�±rM?�Ú©)¤M+ÚM−�¿§M = M+ ∪ M−§Ù¥M+ÚM−pǑé���m�ü§=M− = M+"XÛ^êÆ�ó°(/�½¯ì¤éA�÷*�(f8)M´��¯K§ØL§��÷*ºÝ��*ºÝ�m�3ã���É§�o·�é÷*�M��müz¤��¤k½5£ã§Ù¢Ñ�Ù°(�½�'"b�t1�Ǒ�÷*�M13t2 = t1 + τ�Ǒüz¤÷*�M2, ùé{�¹Â´�oQº¹Â´§3÷*�M1¥k,��*�X ∈ M1, XJ4XÚlù��*�m©üz�ã�mτ , P¤���*�ǑY , �o§Yáut2 = t1 + τ�Ǒ�÷*�M2, Y ∈ M2(5¿§Uì�*ÄåÆ?1üz�[��k�*�)"Ø��X ∈ M+
1 , Y ∈ M+

2 "K�â�*ÄåÆ��_5§b�·�3t2�Ǒl�*�Y ∈ M−
2 ⊂ M2Ñu§4XÚ�X2_�üz��τ�m§�ª��*�ò��£8�X ∈ M−

1 ⊂ M1"Ïd§�â�*ÄåÆ§
¡oÜ¯ìMa,Mb,Mc,Md��m^S��´�_�§�±´Ma → Mb → Mc → Md, ��I�ò¤k$Y©f�Äþ�L5§��Ǒ�±´Md → Mc → Mb → Ma"¤±§·�éoÜ¯ì�m^S�(½¿Ø´�â�*ÄåÆ§
´�â·��²�§Ma → Mb → Mc → Md�^SÎÜ·��²�§
Md → Mc → Mb → Ma�^S·�l5vk�L§=�l�*ÄåÆ�ÆÝ§Ó��U"�£��¯K´§·�Û±kd²�ºǑ
£�ù�¯K§·�kÁXá�Ù��÷*�M¥äN�¹��*�ê8ΓMkõ�ºéw,§ù�±^8ÜM���mNÈVol(M)5ïþ§=
ΓM ≡ Vol(M). (1.17)'Xéuþ¡oÜ¯ì¥�MaÚMd, du3Ma¥z�$Y©f�$Ä��´Ýf���§
3Md¥z�$Y©f�$Ä��´��Ýf§�â�



1�Ù �*�_5�÷*Ø�_5 9�mNÈ�½Â(Ù¥I�éz�âfÓâ��m��È©)§ØJwÑ
ΓMd

/ΓMa
∼ 2N ∼ 210

23

. (1.18)Ǒ=´`§÷*�Md¥¤�¹��*�ê8���u÷*�Ma¥¤�¹��*�ê8"aq�?Øw�·�§^XMa → Mb → Mc → Md��m^S§÷*�S�¤�¹��*�ê8´ØäO\�§
�z�ÚÑ´U©�ê/O\��o§Ǒ�o·�F~²�w���m^So´÷X�*�ê8ØäO\���Qº{ü�£�´§ù´��VÇ¯K"Ǒ
`�Ùù�£�§Ø�4·�b�
¡�oÜ¯ì´zm���τ�m¤û��§PMa¯ì�û��ǑǑta§KMd¯ì�û��ǑÒ´td = ta + 3τ"Ǒ
��5/�	÷*�Ma�üz§·��±Uì�*ÄåÆüzÙ¥��?¿��*�Xa ∈ Ma§'�`²L�ã3τ�müz�td�Ǒ§?
���*�g3τXa,XJù��*�áuMd§�·�Òr÷*�Maüz�
Md, �´XJ�*�g3τXaØáuMd§�÷*�Ma3td�ǑÒvküz�Md"¯KÒ3u§Maüz�Md�VÇpa→dkõ�ºéw,§ù�VÇd¤kXa ∈ Ma, �Ag3τXa ∈ Md�VÇû½��Ǒ��§�±�Ǒù�VÇ��´(g3τMa) ∩Md���mNÈ�(g3τMa)���mNÈ�'§=
pa→d =

Vol(g3τMa ∩Md)

Vol(g3τMa)
. (1.19),��¡§�â4��½nVol(g3τMa) = Vol(Ma), 

¡·���LVol(Ma) ∼ 2−NVol(Md), ¤±Md´����'(g3τMa)/��õ0�8Ü§l
ØJ���Né��§(g3τMa)AAA�������¹3Md�S§Ïdg3τMa ∩Md�~�Cug3τMa��"l
=k

pa→d =
Vol(g3τMa ∩Md)

Vol(g3τMa)
≈ Vol(g3τMa)

Vol(g3τMa)
=

Vol(Ma)

Vol(Ma)
= 1. (1.20)Ǒ=´`§�âfê8Né��§÷*�Maüz�÷*�Md�VÇ�~�Cu1"aq�?ØǑU?�Úw�·�§�Né��§XÚ÷*�UìMa → Mb → Mc → Mdüz�VÇ�~�Cu1"Ǒ
�÷/£�¯K"·��I�)ºǑ�o_��Mdüz�Ma�VÇ�~�Cu""�_�üz�Ma§·�I�K=g3τMa ∩ Md¥�




1�Ù �*�_5�÷*Ø�_5 10�*��Äþ��§�ó�§�k(g3τMa) ∩ Md¥��*�âU_�üz�Ma"
¡`L§(g3τMa)AAA�������¹3Md�S, duMd�m�üØC§¤±(g3τMa)ǑAAA�������¹3Md�S§¤±(g3τMa) ∩ MdA�Ú(g3τMa)/���0"¯K´§(g3τMa) ∩Md¥�ù
�*�3¤kMd��*�¥´�;.���ó�§�·�*	�XÚ?u÷*�Md�§Ù;.��*�Ø��U?3(g3τMa) ∩Md�S§?3ù��S�VÇ��Ǒ
Vol((g3τMa) ∩Md)

Vol(Md)
≈ Vol((g3τMa))

Vol(Md)
=

Vol(g3τMa)

Vol(Md)
=

Vol(Ma)

Vol(Md)
∼ 2−N ∼ 2−1023 .��§�NǑ÷*ê8�§ù�VÇ�~�Cu0"�´§ù�VÇÒ´÷*�Md_�üz�Ma�VÇB"�ÏǑ÷*�ù�_�üz�VÇXd�$§¤±\=ù��UǑ/P�»¤«ǑØ¬��§�u)�AO�§3N → +∞�9åÆ4�e§÷*�_�üz�VÇòªu"§l
·��U*	�÷X�*�ê8O\�����üz�(éu
©�$YXÚ§ǑÒ´�U*	�Ma → Mb → Mc → Md�÷*��m^S"

) À�[ù?�Úrù�(Ø��O\�néXå5§éu÷*�M , À�[ù½Â
SB(M) = kB log(ΓM), (1.21)¡�ǑÀ�[ù�"Ïd÷*��üzo´÷X�A�*�ê8O\���Ò�Auo´÷X�O\���§ùÒ´�O\�n"£�·��$YXÚ§þ¡�©ÛǑw�·�§XJ$Y©fê8Ø��§_�üzÒ��´�U�§
Ù´�\r¯ìd¥¤k©f�ÄþÑ��§�§Ò¬m©_�üz§·Üþ!�$Y©f¬m©gÄ©l"¯K´, òÄþ?1_�Ø�U����°(§�Ø
kØ�§
��k�:Ø�§Ù_�üzÒØ°(
§´�§XJØ�é�§·Üþ!�$Y©f�´¬?1�ã�m�gÄ©l§�´§ù��mØ¬é�§���X©fm�-E§©fÄþ����JÒ¬����Ï§XÚqm©��üz"
�§$Y©f�ê8��§�oò©fÄþ��±��ù�_�üz�mÒ±Y��á§XJN → 0§�_�üz±Y��mòªu"(��Äþ���k����Ø�)§�ó�§39åÆ4�e§XÚ��Ø�U?1_�üz"
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1.3 ��m�©/(���O\�n
¡`�§_�üz�¤±4à¾���Ï§3u(g3τMa) ∩Md¥�:38ÜMd�S´�;.�"�!�8�Ò´\�éù«�;.5�n)"Ǒd§·��´��5/�	N��p�^âf¤�¤��áXÚS"b�XÚ�âfm��p�^v
§±�u¬�)·bÄåÆ"Ïd§XÚ3��m¥�üzòé�©^�4à¯a§l
§��mü��C��©�:§3�6��^e��5`¬×�/�p�l"(Ü
¡'u4��½n�íØ§=k: �½��m����©�«�D0('X���¥N)§3�müz�e§dué�©^��4à¯a§§3,
��þò�.�(ù
��þ��C:3�p�l)§
qduoNÈ��±ØC§§3Ù§��þÒ7½¬�Ø §
�.�±��Ü©��U¬u)�ò!Û­��X�/C"du·�´3���éuF~)¹�÷*�mºÝ5`é�§�´�éuXÚ�*L§�;.�m5`%é���mºÝτþJlXÚüzL§�"¤±§²L
�ã�½��mτ��§Dτ = gτD0Ò¬�.�¤Xã(1.2)¤«�l9~/G§Ù¥z�^9Ñ�.��é[�"
�du·�¤�	���m´��4àp���m§¤±�ã¥¤«�ü��¹ØÓ§¢S�±.����´éõ�§l9~Dτ�[�9fÙ¢�~õ"?�Ú§·��±�	D2τ , du§´�6gτ�^3Dτþ�(J§=D2τ = gτDτ , ¤±D2τ7½´d
�Ú�l9~Dτ2?1��Úþ¡aq�.��(J"äN5`§Ò´rDτ�z��ÛÜ«�Ñ?�Ú.�¤Úþ¡aq�´��!9f�[�
�l9~"��aq��n§duDnτ = gτD(n−1)τ , ¤±§3�müz�1nÚ(=nτ�Ǒ)¤�)���m(�§Ù¢´31n− 1Ú���m(��Ä:þ2?1��aq�.�
��§ù�.�¬rD(n−1)τ�z��ÛÜ«�.�¤��!9f�[�l9~"��ù�L§Ù¢Ò´��¤¢�©/S�L§"y3§��[Êe5�å���e§�ù�S�L§��?1e�§·��ª�����m(�D+∞ò¬´�oºé§·�ò������m/� 0§§k�ê^��[�9f§ù
9f��ææ/�pÅ�X§���}Øän�Ï�f�¥��§l÷
��m�¤k��«�"½ö·�Ǒ�±���'�§��m����
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ã 1.2: ��m«�D03gτ�^eC¤Dτ"�«�Ò���Y§���D0Ò�%\Y¥��%$§�X�m�üz§§¬3Y¥n�z(�Ñ[9)!.�!Û­§��Åìþ!/�û���Y¥"´�§¤k$Y�oNÈ�,Ú���$%��§�´ù
$YC¤
�û3��Y¥���°[�(�"D+∞Ò´��ù����°[���m(�",
·��*ÿUå´k��§·��{£Où����°[�(�§Ò��·��{£OÑ�ª�û3Y¥�$�°[(���§éu·�5`§ù
$Ò�´þ!/Ù÷
��Y"Ó�§éu·�5`§D+∞Ò�´þ!/Ù÷
��m�¤k��«�"�°(/`§3��m¥§·��{£Ov
°[�(�§
�Urù��m�©¤v
���´NÈk��/��0§3��/��0�S�D+∞°[(�ÏǑ�{£O
���
K"�´3ù���
��§
D+∞â�´þ!/Ù÷
��m�¤k��«�"Ø�PD̃+∞ǑD+∞/���
0���(J§éw,D̃+∞�NÈVol(D̃+∞)ÒØ2´���Vol(D0)
(§y3Ù÷����m��«�
), 
´�éu§��)



1�Ù �*�_5�÷*Ø�_5 13ä
�¢Sþ§D+∞S�:3D̃+∞¥Ò´�;.��Ø=Xd§=�3k��m§'XDnτ¥§Ǒ¬�¹�
é°[���m(�§§´lD(n−1)τ¥�
l9~9f�[�kà?�Ú.�
5�"lùpǑUw�Ǒ�oτAT´���éu�*L§v
���mºÝ§ÏǑÄK3�6gτ��^eÒ�5Ø9��Dnτ�'uD(n−1)τ?�Ú.�Ñ#�°[(�"o�§/���
0éuDnτÓ�ǑkKǑ§�´duDnτ�°[(�vkD+∞�oõ§¤±/���
0é§�KǑ�é��:"�*þéw,�´§�Xn�O�§Dnτ¥�°[(�¬�5�õ§Ïd/���
0é§�KǑǑÒ�5��§/���
0���NÈ)äǑÒ�5��"b�PD̃nτǑDnτ���
���(J"KD̃nτ�NÈ�éuDnτ5`Ǒ´��)ä
�§DnτS�:3D̃nτS  Ǒ´�;.�"�*þ'�w,�´§Vol(D̃nτ )AT´n�O¼ê§=
· · · < Vol(D̃(n−1)τ ) < Vol(D̃nτ ) < · · · < Vol(D̃+∞). (1.22)Ǒ=´`§3/���
0±�§�X�m�O�§��m«��NÈo´3Øä)ä�(¢Sþ§duN´��÷*ê8§¤±z�Ú�NÈ)äÙ¢Ñ´U©�ê)"éu��÷*XÚ§b�l��v
���©«�D0Ñu§�o�Nþ«�D̃nτS�¤kG�3÷*þwå5Ñ��§�Nþ´XÚÓ�÷*G�Mn¤éA�¤kØÓ�*G�§ÏdVol(D̃nτ )�NþÒ´d÷*G�¤éA��*G�ê8ΓMn

"?
À�[ù½Â�SB =

kB log
(
Vol(D̃nτ )

)Ò´d÷*G��À�[ù�"Äuþ¡ù�'u��m«�NÈ)ä�*	§·��±rù«NÈ)äy�)º¤�O\½Æ"AO�§�ª����D̃+∞¤éA�XÚ÷*G�Ò´9²ï�"
1.4 ,
§Úå´Ø���ØÓ�Ú�$Y¬Åì·Üþ!§wå5ùÒ´­.üz�����§­.¬ÅìC��5�·Ü!�5�þ!",
§3'F~÷*���ºÝþù7½´Øé�§ÏǑ·���»®²�)�zõ·

§,
§§



1�Ù �*�_5�÷*Ø�_5 14¿vkC��5�þ!§�5�·Ü§��§(Xì�)
§(X�)
§ð(�)
§$�§<aù��)·Ǒ�)
�¤±§3�*�ºÝþ§­.¿vkC��5�·Ü�þ!§=�·�¿vk�ond�é3�*ºÝþ�^�O\�n"Ǒ�o¬ù�QºO(�£�´§<a�vk��
)�Ù"�´§·���§3�*�ºÝþ§·�I��Ä�kÚå§
���¹
�kÚå�XÚÚ·��
�Ä�üX�õâfXÚk��5�ØÓ"'�`§\�����íì§íN�mÏL�kÚå�p�^§y3§éó,�§,�/��íN�Ý��O\
�:§Ïd§é±�íN�áÚǑÒO\
§¤±ù�/��íN�ÝÒ¬?�ÚO\"¤±\w§�Ä
�kÚå±�§íìØ¬C��5�þ!§�
´¬ró,�Þá��¤Øþ!�ÛÜ¤ì(�"¢Sþ§ù«Ø­½���Å�Ò´(X/¤��Ï"Úå¬Ø¬k��VgQº£�´k"'�`§·�8U®²��çÉ�±½Â����d"-¿7�§§�'uçÉ�L¡È"�â�O\�n§�ìÔ�ÏLÚå¥ /¤çÉ§ù�L§�7½´O\�§�ª�§/¤��­½�çÉ�§�¬����§�´§ù���d"-¿7�´�'uL¡È§
Ø´�Ï~Ô������'uNÈ���d"-¿7���*)º´�oQº£�´§8
�vk�.t�Ù"¤±\w§���9�Úå§�¹Ò��ØÓ
§·��Ø�
)XÛ��5/�ÄÚå��§Ǒvk
)�ÙÚå�Ø­½5Å�XÛ��O\�n�ÆN��"wå5ùpu)��¹k:Æaqu^Ô�XÚp~~u)���kSy�§=§��XÚo���(3O\§�´§Ǒ
¢yù«�O\§�
�lþ!��»)¥�)Øþ!�(X(�ù«kS(�"�,§äN�.´No£¯§8
<��vkt�Ù"
1.5 k�Ǒy5�m���$�6\�L�fLá§�¤Z�¡§%l��L�¡�å§­àǑ�"



1�Ù �*�_5�÷*Ø�_5 15Õ4��-<u�))ÏǑ�m§�������6"�e\:�§½���*��D§z�âÑÌX�_�ÆÄµÄþ�=§;,£�§L���5§3�§¥é¡Xº"ǑÛ·�âfàÍ§%2ØU_ü���ºØ´½ÆB�§
´VÇò�;4"��$%á\Y¥§��©²§U
�Ñ¶��mp§§��Ñ·�[9§X_(��§�7���»"\�{©E���n[�(�§�Uw�/�
0��þ!¶u´�§w,)�))Ø´·$§
´õê��%"À�[ù$�µ/�§´�*�ê8�éê"0u´�S§¤
�m����ú§�����U�ªÛ",
§Úåe�µ/�»¿�·!§�
)Ñ(�!ìà!\·"03Úå�õ�§
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u�*�{K§
´
u�©�ó,§�*ÿ�k�"�m��§Ø3�§p§
3·�))ùd1023âf|¤�!¬J¯��D�¥"



1�Ù À�[ù�!§Ý§±9gdUÀ�[ù�É�´µXÚ���÷*G�§éAXêþã���*G�"�*G��½Â´�Ù�§���*G�Ò´��m���:"÷*G��½ÂK´§§´·�3÷*þ*ÿ��XÚG�§'X`·�¤û��Ü¯ì"ù�½Âk¹
�?§ÏǑÚ·��÷**ÿ�ãk�½�'X"À�[ù�É�¿�X§·��±r÷*����ÓÓÓuuu��m�,�f«�§P�M , MS��:Ò´ù�÷*�¤�¹�¤k�*�"?
·��±r÷*�M¤�¹��*�ê8ΓM½Â¤M���mNÈ§
ΓM ≡ Vol(M). (2.1)À�[ù?�Ú�Ñ§XÚ�À�[ù��'u�*�ê8�éê§ǑÒ´

SB(M) = kB log(ΓM), (2.2)ª¥kB´¤¢�À�[ù~ê§Ú\ù�~ê�Ǒ'~Xê��´ÏǑ{¤��Ï§�±w�´,«�½�¤j"Ïd§À�[ù��þjÒ´kB�þj§XJ§ÝÚÏ~��±m�©(K)Ǒü §�okBê�þ�Ǒ1.380649× 10−23J/K§�,·�y3�vk½Â§ÝVg"�·��*ÿ�XÚ¤?�÷*��§·�éÙ(���*�´���§ù«���§ÝÒ´À�[ù�"5¿§À�[ù�´é÷*�½Â�§�Kþ¿ØI�÷*�´¤¢�9²ï�"·��±rü�XÚ�p�>/¤����XÚ§b�ü�fXÚ�3.¡NCu)�é�f��p�^§b�PfXÚ�÷*G�©O
17



1�Ù À�[ù�!§Ý§±9gdU 18ǑM1ÚM2, Kduü�fXÚ��*G��pÕá(£ãü�fXÚ��KCþ�pÕá)§���XÚ�÷*G�M7½´M1ÚM2�(k�È§P�
M = M1 ×M2. (2.3)éw,§Vol(M1 ×M2) = Vol(M1) ·Vol(M2), l
�XÚ��*�ê�ufXÚ�*�ê8��È§=

ΓM1×M2 = ΓM1 · ΓM2. (2.4)?
=k
SB(M1 ×M2) = SB(M1) + SB(M2). (2.5)Ǒ=´`§À�[ù�´�\��¢Sþ§�´Ǒ
÷v�\5§¤±À�[ùâr�½Â¤�*�ê8�éê§ÏǑéêâ�±r�{$�C¤\{$�"?���XÚ§·��±r§�©¤eZ��XÚ§b�·��	��mv
á§�où
�XÚ�m��p�^o�±w¤´�u)3.¡NC�"Ïd§��XÚ�÷*�´�fXÚ÷*��(k�È"?
�â�\5§��XÚ�À�[ù�AT�u�fXÚÀ�[ù��Ú"¤¢�O\�n§`�´µ�áXÚ÷*��üz���VÇ´�X�Ø~����?1§
�L5§�~��üzÑy�VÇ4$"AO�§39åÆ4��e§�áXÚ��î�/Ø~��äN5`§39åÆ4��e§b��áXÚl÷*�Müz�÷*�M ′, =M → M ′, K7k

δSB ≡ SB(M
′)− SB(M) ≥ 0. (2.6)ùÒ´·�þ�Ù¤?Ø�Ø%SN"AO�§XJδSB = 0§KM →

M ′�üzL§Ò´���_L§"
§XJδSB > 0, KM → M ′Ò´Ø�_L§"ly3m©§···���%%%���´́́333999åååÆÆÆ444���eee���			¯̄̄KKK"¤¢�9åÆ4�§Ò´âfêN → ∞, XÚ�mNÈV → ∞§�Ó��±N/V�½�4�"9åÆ4�´é÷*XÚ��«n�zCq"
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2.1 9²ï�§§Ý�Vg�½�áXÚ¤?�÷*^�§'X�½§¤?�åÆ^�ai, i =

1, 2, .., n(Ø�P�¥þa = (a1, a2, ..., an))§¤¢åÆ^�§ǑÒ´`ÏL�\	åUCa��§·�Ò�±éù��áXÚ�õ",	§�áXÚ�UþÅðÒ¿�XoUþEǑ´�½�"o�§·�b½�áXÚ¤?�÷*^�dn + 1�G�Cþ(E, a)Ǒx(ùpkØ�Äâfê8UC��U5)"éu���á�÷*XÚ§b��½÷*^�(E,a)§�â�O\�n§�X�m�í£§Ù÷*�¬�XÀ�[ù�O\���üz§�ªÀ�[ù�¬����4��§ù��A�÷*�Ò¡�Ǒ999²²²ïïï���"��5`§ù�9²ï�d÷*^�(E, a)��(½§Ø�PǑMeq(E, a), ùp�eIeqL«�Ò´9²ï�(equilibrium state)"·�Ǒ~~òMeq(E, a){¡Ǒ9²ï�(E, a),ÏǑ§d(E, a)��(½"P9²���À�[ù�ǑS(E, a)§
S(E, a) ≡ SB(Meq), (2.7)¡�Ǒ9²ï�(E, a)�9åÆ�"¤±§9²ï��4�w�·��1��íØÒ´§9²ï���7,´��÷*G�¼ê§��dXÚ�÷*^�(E, a)û½"Ø�Þ��~f§Xã(2.1)¤«§�	���©�¤n�ØÓ«��íNXÚ§�«�NÈ´�½�§ØÓ«��m�©�9ß9§�´ØßÔ�§�	¡r��XÚ�å5�9K´ý9�"ù�XÚÒ´���áXÚ§Ùa = (v1, v2, ..., vn)§Ù¥vi´1i�«��NÈ" Ïd�âþ¡�©Û§ù�XÚ��9²ï�§Ù9åÆ�´��G�¼êS(E, v1, v2, ..., vn)"·�~~r�áXÚ©¤õ�÷*Ü©§z��Ü©Ò´��fXÚ§fXÚ�,´÷*XÚ§�´Ï~¿Ø´�áXÚ§ÏǑØÓ�fXÚ�m�3�p�^§ØL§fXÚ¥�±�Ü©u)�p�^�Ì�´�
3fXÚL¡NC�âf§ù
âf�ê8�fXÚ¥âfoê�'��XfXÚº��O\
×�eü"Ïd§�fXÚv
��(�39åÆ4�e)§§�±�Ü©�p�^�Uþ'fXÚ�SU���õ§Ïd�±
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ã 2.1: ���áXÚ�~f`fXÚ´/OOO���ááá0�"�,§fXÚ�O�á5�3Ø����mm�Sâ¤á§
3v
���mm�S§fXÚ�m��p�^Ø+õo�f§o¬LyÑ5"Ø=Xd§��XÚ�9åÆ²ï�¤±Uïá§8�(.Ò´�ù
'��f��p�^"�fXÚ�m´*d�f/�p�^X§ù�¯¢��uµ�fXÚv
��§�±�Ǒ�fXÚ�m´�pÕá�"?
À�[ù���\5w�·�µ39åÆ4�e§��XÚ�9åÆ��±�Ǒ´��fÜ©9åÆ��Ú"du��XÚ�±©)¤�fÜ©�ê8�'u��XÚ�5�§Ïd��Ün�íØ´µ39åÆ4�e§��XÚ�9åÆ�ò�'uXÚ�5�(Ǒ=´�'uâfêN)"39åÆ4�e÷v�'uXÚ5�±9�\5ù�ü����ÔnþÒ¡�222òòòþþþ"Ïd§9åÆ�´��2òþ§éw,§XÚ�oUþǑ´��2òþ(b�fÜ©�m��p�^é�f§�p�^U�'�±�Ñ)"Ù§�2òþ�k'XXÚ�NÈ§XÚ�âfê��§AO�§��5`÷*åÆ^�aÑ´2òþ"b�·�r¤�	�9²ï�áXÚ?¿©¤1, 2üÜ©§�â2òþ��\5§�A=k
E = E1 + E2, a = a1 + a2. (2.8)�âfXÚ�O�á5§9²ï�1, 2üÜ©�g�9åÆ�7,©OǑS1(E1, a1), S2(E2, a2)"Ǒ,oUþE´�½�§�´E1ÚE2þ´Cþ"
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∂S

∂E1
= 0. (2.9)|^���\5S = S1 + S2§=k

0 =
∂S1

∂E1
+

∂S2

∂E2

dE2

dE1
=

∂S1

∂E1
− ∂S2

∂E2
. (2.10)�ó�§9²ï�7½k

∂S1

∂E1
=

∂S2

∂E2
. (2.11)du1, 2üÜ©´?¿©�§ùÒ¿�XfXÚ�éUþ� �3��XÚSÜ??��§Ï~Pù� ��(JǑ1/T ,

1

T
≡ ∂S

∂E
. (2.12)Ïd§9²ï�XÚ�Ü©�T�Ó§¡�Ǒ§§§ÝÝÝ"�uǑ�oØr1/T�§Ý§´Ïd¡TǑ§Ý'�ÎÜ·�é§Ý�F~�ú"duS±kBǑþj§¤±þ¡'u§Ý�½Âw�·�§kBT7½äkUþþj(ǑÒ´TSäkUþþj)"ùw�·�§§Ý���´9$Ä�,«Uþ§§Ý�pL«9$Ä�ì�"ù��·�F~é§Ý��ú���"Ïd9²ï�XÚ�Ü©�§Ý���"ùÒ`²§Ýù�þ7½Øä��\5§¿�Ù��XÚ5��'§ù��þÒ¡�rrrÝÝÝþþþ"��X���§§Ýw,Ǒ´��X{ÚO5��þ§´3÷*XÚ¥ZyÑ5�§3�*þvk¿Â"b�4,�fXÚ���ã��9¥�>§�9¥�å�¤���áXÚ§K�âþ¡�ùã§9²ï�§ù�fXÚ�§Ý7½�9¥§Ý�¤��"b��±fXÚ�aØC§4���áNX²{���_L§§��fXÚ�UþO\dE,K�âþ¡'u§Ý�½Â§7½k

dE = TdS bX�±aØC, (2.13)duù�UþOþØ´	å�õ�(J(ÏǑa�½)§¤±§�U´l9¥áÂ�9þ§P�Q, ¤±3�_L§¥§
dS =

Q

T
, (2.14)



1�Ù À�[ù�!§Ý§±9gdU 22=3�_L§¥XÚl9¥áÂ�9þ�§Ý�'��uXÚ��Oþ"�,§XJ´�9§�Ò´�~�"�L5§b����áNX²{�´��Ø�_L§§(J´��fXÚl9¥áÂ9þQ"ǑÒ´`§9¥á9Ǒ−Q(=�9)"du9¥´ã��§Ùá�9L§þ�±w�´3²ï�e?1�§Ïd´�_�"l
�âþ¡�©Û§3ù�L§¥9¥��OþdSR = −Q/T"�,PfXÚ��OþǑdS (dufXÚØ´�±3²ï�§¤±fXÚ�ù��ATn)Ǒ��5�À�[ù�), K3ù�L§¥§���áNXo��OþǑdS + dSR = dS −Q/T , duù´��Ø�_L§§o�À�[ù�7½�O\§¤±7½kdS + dSR > 0, Ǒ=´
dS >

Q

T
. (2.15)=XÚ3Ø�_L§¥��Oþ�uá9þ�§Ý�'"Ï~¡ùǑ�N?dØ�ª"y3§4·��ÄA,Bü��å|¤
�áXÚ§�´*d¿vk�¤9²ï�ÔN"§��§Ý©OǑTA, TB"b�rùü�ÔN��>§�o�X�m�í£§ùü�ÔNòÅìªu9²ï§§��§ÝòÅìªu�Ó"3ù�L§¥§o�S = SA + SB´O\�(ùp��Ó�ATn)¤��5�À�[ù�)§=

δS = δSA + δSB =
∂SA

∂EA

δEA +
∂SB

∂EB

δEB > 0. (2.16)duoUþ�±Åð§¤±δEA + δEB = 0, Ïd
δS =

( ∂SA

∂EA
− ∂SB

∂EB

)
δEA =

( 1

TA
− 1

TB

)
δEA > 0. (2.17)b�ü�ÔN§ÝþǑ�§�BÔN�§Ý'Ap§TB > TA > 0, �o=kδEA > 0, �AǑkδEB < 0, =BÔN�Uþ3~�§
AÔN�Uþ3O\§Ǒ=´`§BÔN3�AÔND9"Ïd§9þo´lp§ÔNguD�$§ÔN§
Ø´�L5"ù´�O\�n�7,íØ"�´§XJB�§ÝǑK(´�§K§ÝǑ,Ø~�§�k�´�±¢y�)§

TB < 0, 
A�§ÝǑ�TA > 0§�aq�ǑU�Ñ§BÔN¬�AÔND9�wå5Ò�´§K§Ý´��'?Û�§Ý�p�§Ý"



1�Ù À�[ù�!§Ý§±9gdU 23£�r�áXÚ©¤1, 2üÜ©�?Ø"�Ú\§ÝVg���'í���aq§��4�����Ǒ7,w�·�
∂S1

∂a1

=
∂S2

∂a2

9²ï�, (2.18)=9²ï�XÚ�Ü©��é�Ü©åÆG�Cþa� �3ØÓÜ©�m�±��"Ï~½Âù� �Ǒ
∂S

∂a
≡ J

T
. (2.19)du9²ï�§ÝT3�Ü©�m�±��§ÏdùÒ`²§9²ï�þª½Â�þJ3�Ü©�m�±��"éw,§J = (J1, J2, ..., Jn)Ú§Ý��§´rÝþ"±ã(2.1)¥¤«��áXÚǑ~§ù�ÿa= (v1, v2, ..., vn),�A�JK´�«��Ør§=J = (p1, p2, ..., pn), þã(Øw�·�§9²ï��«�SÜ�ØrǑ~ê"nÜ(2.12)ªÚ(2.19)ª§=k

dS =
1

T

(
dE + J · da

)
. (2.20)½öǑ�±­�¤

dE = TdS − J · da. (2.21)Ù¥TdS´XÚáÂ�9þQ§
−J · daK´ÏLUCXÚåÆG�Cþ
�XÚÑ\�Uþ§ÏdÏ~¡�Ǒ	åéXÚ¤��õ, P�W = −J · da"¤±(2.21)ª�¹ÂÒ´§XÚUþ�Oþ�u§áÂ�9þ\þ	åé§��õ,=dE = Q +W"ùǑÒ´9åÆ1�½Æ"XJ·��)S = S(E, a)§?
��E = E(S, a), =r(S, a)w�Ä��÷*G�Cþ"K(2.21)ªw�·�
T =

∂E

∂S
|a, J = −∂E

∂a
|S. (2.22)�ÏǑXd§¤±Ï~qra¡�ǑXÚ�2Â�I§
JK¡�Ǒ2Âå"
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2.2 ý9C�y3§·�ò�áXÚí2�ý9�XÚ§Ǒ=´`§·�#NXÚÚ	.��åÆõ§�´§üö�mØ#N��9þ§·�¡�Ǒ#NéXÚ?1ý9C�"�±?�Ú°(zùé{�¿g§¤¢�ý9C�§Ù¿g´§#NXÚÚ	.�9ÏC�±9��­Ô(�±w�´�:)?1�p�^§?
UCXÚ�÷*G�(�,§éu�áXÚÒ´guüz���÷*G�Cz)§�´§L§(å±�§9ÏC��G�7L��E�§�#N	.�­Ô�J,½öeü"XJ·�rXÚ�)	.9ÏC�Ú­Ô���åw����áXÚ§K�±éù��áXÚA^�O\�n§du9ÏC��G�E�
§Ù�C(��UCþ)Ǒ"§qdu­Ô�±w����:§ÙÀ�[ù�´"§Ïd§���áXÚ��CÙ¢Ò´�5XÚ��C§l
�O\�nw�·�µ???ÛÛÛXXXÚÚÚ²²²{{{������ýýý999CCC���±±±���§§§ÙÙÙÀÀÀ���[[[ùùù���ÑÑÑØØØ¬¬¬~~~������b�ÏL,�ý9C�rXÚl÷*�MC¤
÷*�M ′(¥å�L§�±´�²ï�)§Kþã(Jw�·�
SB(M) ≤ SB(M

′). (2.23)·��±`§÷*�Mku÷*�M ′(½öM ′�uM), P�
M ≺ M ′, (2.24)Ù¹ÂÒ´§÷*�M ′´���lMÑu²Lý9C����÷*�"XJ�L5Ǒ¤á§=Ó�kM ′ ≺ M , Ò¡MÚM ′ý9�d§P�
M ∼ M ′. (2.25)éw,§ù�ÿ7½kSB(M) = SB(M

′), Ǒ=´`§XJü�÷*�ý9�d§�oò§�éXå5�ý9C�Ò´�_�"�L5§XJM ≺ M ′, �´üö¿Øý9�d§K�±òüö�'XP�
M ≺≺ M ′, (2.26)éw,§ù�ÿ7½î�kSB(M) < SB(M

′), l
òüöéXå5�ý9C�Ø�_"



1�Ù À�[ù�!§Ý§±9gdU 25Ïd§ÏLý9C��±3��XÚ�¤k÷*��8Ü¥Ú\�� S'X≺"���Ñ�´§ý9C�Ø�½´é/§R0�(�XíÄ��¹l½ö�o�)§§Ǒ�±´é/�å0�§Xã(2.2)¥¤«���"

ã 2.2: ÏL��/�å0�ý9C�ë�å5�ü�9²ï�XÚY .ÏLXÚm�EÜ$�(=òü�XÚ�p�>§4§��¤�����EÜXÚ), ·��±òþã S'X≺í2�¤kXÚ�¤k÷*��8Ü(�,§¤kù
XÚÑ´9åÆ4�e�÷*XÚ)"ØJ�y§ù�� S'X÷vXe5�µ
1. g�5µ=M ∼ M"
2. D45µ=XJM ≺ M ′, �M ′ ≺ M ′′§K7kM ≺ M ′′"
3. �N5µ=XJM ≺ M ′§�N ≺ N ′§K7kM×N ≺ M ′×N ′"ù´du���\5§=SB(M×N) = SB(M)+SB(N) ≤ SB(M

′)+SB(N
′) =

SB(M
′ ×N ′)"

4. ©��­|µ=·��±rXÚM©�¤ü�fXÚ�EÜM1 ×
M2, ½ö�L5§rù��ü�fXÚ­|¤���XÚM"éw,§ù��©�Ú­|�±==´w���XÚ�ü«ØÓ*:§¤±�,´ý9�_�§l
7kM ∼ M1 ×M2"999ÅÅÅ���ÇÇÇý9C�Vg���­�A^´^5ïÄ9Å�Ç"¢Sþ§3{¤þ§9åÆ��Vg��Ò´lkìé9Å�Ç�ïÄ¥�Ñ5�§�




1�Ù À�[ù�!§Ý§±9gdU 26À�[ù��Vgâ´�5Ñy�§Ǒ,lÆ�Ü65`§À�[ù�â´�ä��5�Vg§ùǑ´�Öæ^�Ü6"9Å�ó��n´l§ÝǑT1�p§9¥¥J�Uþ§ÏL,«C�òÙ¥�Ü©Uþ=zǑé�¸¤��Å�õ§¿ò�{�Uþº��§ÝǑT2�$§9¥¥"TC�±Ì��ª$1§ǑÒ´`§3��L§(å�§§£�Ù�©G�"Ì�C��)ü�9¥�å§��EÜXÚ�µ43��Nì¥§TNì�#NXÚ±XÅ��ª��¸��Uþ§~XÏLJ,½ü$��÷*­Ô5¢y"¤±§9Å�Ì�L§Ò´�«ý9C�§Ïdz�Ì��¤��§��EÜXÚ��Ø~"duó�Ô�´Ì��^�§ÙG�7½¬£��©G�§¤±��Ì�
�Ù�CǑ""�ó�§��Ì�
���XÚ��C��5
u9¥��C"b�PÌ��
p§9¥��ǑS1, Ì�����ǑS ′
1, ó�Ô�lp§9¥áÂ�9þǑQ1(=p§9¥áÂ�9þǑ−Q1), l
=k

S ′
1 = S1 −

Q1

T1
. (2.27)aq�§PÌ��
$§9¥��ǑS2§Ì�����ǑS ′

2§b�ó�Ô��$§9¥º��9þǑQ2, K
S ′
2 = S2 +

Q2

T2

. (2.28)|^ý9C�7L÷v�
S1 + S2 ≤ S ′

1 + S ′
2, (2.29)á=k

Q1

T1
− Q2

T2
≤ 0. (2.30)b�z�Ì�XÚ�	�õǑW ,l


Q1 = Q2 +W. (2.31)½Â9Å�ÇηǑ
η ≡ W

Q1

, (2.32)
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�	��õ"ØJw�§7k
η =

Q1 −Q2

Q1

= 1− Q2

Q1

≤ 1− T2

T1

. (2.33)ù�ªf�Ñ
9Å�Ç�þ�§Ù¥�uÒéu�_9Åâ¤á"
2.3 gdUéõ�¹e§<��	�XÚ('X�¬áÆ)Ñ´��3��ð§�¸¥§XÚ�±l�¸¥á9§Ǒ�±��¸�9§�´du�¸�~ã�§§lXÚá�9�L§�±Cqw¤´3²ï�e?1�§l
�¸�§Ý¬�±ØC"Ï~·�¡ù��ð§�¸Ǒ��ð§9¥§�!��	�Ò´ù���±�ð§9¥?19���XÚ"b�ð§9¥�§ÝǑT§Ù÷*G�P�MR"P�9¥�>�XÚ�÷*�ǑM , Ïd��EÜXÚ(¤�	�XÚ\þ9¥)�÷*�ǑM ×MR"b�ÏL�9¥�9��XÚ�÷*�üzǑM ′§9¥�÷*�üzǑM ′

R, �ó�§b�XÚ�9¥m�9������EÜXÚ�÷*�üzǑM ×MR → M ′ ×M ′
R"du��EÜXÚǑ�áXÚ§¤±�â�O\�n§7,k

SB(M
′ ×M ′

R)− SB(M ×MR) ≥ 0. (2.34)�âÀ�[ù���\5§Ǒ=
δS + δSR ≥ 0, (2.35)ª¥δS ≡ SB(M

′)− SB(M), δSR ≡ SB(M
′
R)− SB(MR)"b�3þãL§¥XÚl9¥¥áÂ
9þQ, �ó�§9¥lXÚ¥áÂ
9þ−Q, du9¥é�§Ùá�9L§�±w¤´�_�§¤±7k

δSR = −Q/T. (2.36)�\(2.35)ª§=k
δS −Q/T ≥ 0. (2.37)



1�Ù À�[ù�!§Ý§±9gdU 28qduXÚ�UþÅð§ÙáÂ�9þQ7½¬=CǑSU�OþδE = Q,
SU�UC�,´ÏǑ÷*��UC���§¤±
δE ≡ E(M ′)−E(M). (2.38)¤±�ª·�kδS − δE/T ≥ 0, Ǒ=´

δE − TδS ≤ 0. (2.39)�\δEÚδS�½Âª§=k
[E(M ′)− TSB(M

′)]− [E(M)− TSB(M)] ≤ 0. (2.40)Ïd§�½XÚ�÷*�M§·��±½ÂXe÷*þ
F (M) ≡ E(M)− TSB(M). (2.41)�o§(2.40)ªw�·��=´µ���9¥�>�XÚ§Ù÷*��üz7½´�XF (M)~����?1�§=3M → M ′�÷*üze§7½k
δF ≡ F (M ′)− F (M) ≤ 0. (2.42)Ï~¡F (M)ǑXÚ�gdU§¡þã(ØǑgdU~��n"AO�§�ù��XÚüz�9²ï�Meq�§ÙgdU7½�4��"éw,§ù��9²ï�Meqd9¥�§ÝT§±9XÚ¤?�åÆ^�a��(½§Ø�P�Meq(T, a)"?�Ú§·��±PXÚ9²ï��gdUǑF (T, a)

F (T, a) ≡ F (Meq). (2.43)nÜþã½Â§¿5¿�XÚǑ,�9¥�>��,´/O�á0�§l
9²ï�XÚ��S�±w¤´(E, a)�¼ê(½ö�L5§9²ï�XÚ�SU�±w¤´(S, a)�¼ê)§l
=k
F (T, a) = E(Meq)− TSB(Meq) = extremS

[
E(S, a)− TS

]
, (2.44)
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éu9²ï���§kT = ∂E
∂S

|a"l
d(2.21)ª=�±��dF = dE − SdT − TdS =

−SdT − J · da§=
dF = −SdT − J · da. (2.45)gggdddUUU���¹¹¹ÂÂÂe¡·�5�	�egdUF (M)�Ôn¹Â"Äk§�½XÚ�÷*�M , ÙoSUǑE(M),3ù
SU¥TSB(M)Ǒ9$Ä�Uþ§du9$Ä´�5K�§¤±Ǒ¡TSB(M)ǑSU¥��SUþ"�Øù«�SUþ§�e�F (M) = E(M)−TSB(M)Ò´gdU§¤±gggdddUUUÒÒÒ´́́SSSUUU¥¥¥���kkkSSSUUUþþþ"gdU~��nw�·��Ò´§3��ð§�¸¥§XÚ�kSUþo´gu~�����9²ï�§kSUþ��4�"�SUþÚkSUþ���­�«O´§�SUþ�{��^5�õ§
kSUþ�±"lù�ÆÝ5`§gdUǑïþ
XÚ���	�õ��+§39²ï�ù��+´�$�"Uþ�Åð¬-<��§·���õ�UþÒ�±kõ�"g,.[Ø��ǑØO�Uþ",
§~X°��Uþ§3°Yp¤k�f9$Ä�Uþ§¢Sþ´ØU
�·�|^�"Ǒ
���«Uþ|�å5§8Üå5§±�u�±�·�¤|^§I��3�«§Ýþ��O§ÄK·�ò¬uyǑ,kUþ
·�ØU
|^§"Uþ�Uþ��|^5�m�3Xã���É"°Y¹k�~�þ�Uþ§��{�·���|^5�õ"Uþ�Åð¿�X­.�oUþ�±�Ó�êþ"�3Ø5K�~��¥§�«UþU
3,«�¹e©Ù��oþ!§��vk�{�L§�,���
Ø´,���?1§vk�{éL§���¢�?Û��±�	�õ§ù
Ø5K~��UþÒ´�SUþ"¤ùQ²éù�(J�L��é��'[µb�\<XA^f4�3°�Jþ§â,eå
����"\�¯/8å�
f4§����¿p�"u´\m©ÞZ\gC§,�\uyù^f4k�:�
§�§�´'\��N�Z"\UY^ù�^f4Þ�§��\uy§�ß
§3ÞZ\�Ó�Ǒ3��\§���Y©ÓÞZ���õu´\Ò�,�^f



1�Ù À�[ù�!§Ý§±9gdU 3045^¶L
ØõÈ\Òuy���ù�¯�¤k�f4Ñá�
§Ó\���"=�\kNõ^f4§Ǒvk�{C��Z
§ÏǑ�
f4��Ó\gC��§d��§Ývk�O"<��±u²��þ§'Xr§��/ØKY©�J´§Ý0"f4äkÓ\���ØYJ´§Ý§Ï
�\^f4Þ°\gC��ÿ§lf46�\�Y©Ól\6�f4�Y©��õ"�¿Ø¿�X3f4þÚ3\�þ�Y��õ))�^�f4'�^�f4O��Y�õ�§�äkÓ���d§Ý"���ÀÜÑ��
�Ó��d§Ý�§\�?Û¯�Ñ´�Lu¯�"y3§YÒ��Uþ��§ÏǑY�oþ´ØC�"(XJ��¿���mX§¿�\U
���1e¡�èZ§�\Ò�±øl(¸
§�·�b½¤kÀÜÑ´'å5�§¿�\ØU
¿Kù
f4½ö��?Û#�f4")Ó�/§XJ\��­.��Ü©´µ4�§¿���v
���m§�o3­.þu)��gó,¯�¥§Uþ�Y��¬þ!/©Ù�¤k��Ü©§��vk�oÀÜ´ü��Cz�
§­.þ2Ǒvk�o·�²{��ÀÜ¬-åý��,�
"ù«�ª�G�§Ò´�áXÚ�9²ï�"éAud�Ý½ö/ØKY©�J´§Ý0���þ��§Ý§Ǒ,·�`�ü�ÀÜ§Ý�Ó�Ò��
²ï§�¿Ø¿�Xüö¤¹�Uþ�Ó¶��´¿�Xl��ÀÜJ�Uþ´�l,��ÀÜJ�UþÓ�N´�"§ÝÒ�´�«/�^Uþ�J´§Ý0"Ï
XJ\rü�ù��ÀÜ�X�3�å§L¡þw5�oǑvku)¶§�p��mD4�þ�Uþ§�À�(J´""Ïd§�z�ÀÜÑäk�Ó�§Ý�§Ò2vk�oUþ�±^5�?Û¯��
"÷*Ø�_5��n´§XJØÓ�ÀÜ?3ØÓ�§Ý§¿�4§�gC33�p§�o3�m6²ÚL§¥§§�Ò¬C��5�ªuÓ�§Ý§
Uþ��|^5Ko´3~�"Uþ��|^5o´3~���gdU~��n�´éù�(Ø��N"



1nÙ XnnØǑ
�	÷*XÚ�Ôn1Ǒ§
¡üÙ·��ÚÚ\
VÇÚO�g�§¿Ú\
À�[ù��Vg"Ó�§·�Ǒ½Â
9²ï�9Ù§Ý"�Ù·�ò?�ÚXÚ/Ú?VÇÚOg�§¿�	XÛ|^ù�g�O�ÑXÚ��«÷*Ônþ"
3.1 �VÇb�4·�l�	�áXÚ�÷*üzm©"P,�ǑXÚ�÷*G�ǑM§b�XÚüz
�ãÔn���mτ"τ3÷*þw5Xdá§±�u3ùã�m�SXÚ�÷*��5Ø9u)²w�UC§�´§τ�éuXÚ�*L§�;.�mºÝ%q�v
�"Ǒ
w�Ùτ3�*þ�.�õ�§·�5¿�duXÚé�§§3��mþ��*üz´4Ǒ·b§
�L¡þwå5´4Ǒ�Å�"Ïd�±��§3�mãτ�S§XÚATwå5Ò�´3��m8ÜM(�Óu÷*�)S�Å/�Ä§Ǒ,ØU`3ùã�mS§XÚU
H{MS�z���*�§���§τAT����3ù��ã�S§XÚ�L��
�*����ué8ÜM?1
��û��Ä�"�,§du*ÿ�°Ýo´k��§z��Ä�Ñ5��*�Xi·�Ñ�U(½�ÙNC������"b�3�ãτ�S§XÚ?uXi���o��Ǒτi, KduXÚ��*üzv
�Å§·�Ò�±�ïJläN���müz;�§
�`§Xi��S��*�±VÇpi = τi/τ�ÅÑy"duù
�*�´é8ÜM�û�Ä�§¤±§ù���{v±�z��X ∈ M��*�D���VÇ(¢Sþ´VÇ�Ý)p(X)§±��p(Xi)dX = pi"k
ù�VÇ

31



1nÙ XnnØ 32±�§·�Ò�±Ø2JlXÚäN���m;�§
�`µ3Ôn��ãτ�S§XÚ±VÇp(X)�ÅÑy3�*�X ∈ M"Ø�¡þ¡½Â�p(X)Ǒ?u÷*�M�XÚ����***XXXnnn§Ǒ
�ßå�§Ǒ�±P�p(X|M)"þ�ã�Ñ�Ò´p(X|M)�½Â§�´§�lnØþ(½p(X|M)�L�ª%éJ"�3§À�[ù��½Â�±�·�v
�éu§4·�ép(X|M)�Ñ��b�"�âp(X|M)�½ÂØJwÑ§éu?ÛÔnþO(X)§Ù3�ãτ�S��m²þ�OǑ
O ≡ 1

τ

∑

i

Oiτi =
∑

i

Oipi =

∫

M

dXO(X)p(X|M) = 〈O〉M . (3.1)ª¥∫
M
L«38ÜMþÈ©"Ï~¡〈O〉M =

∫
M
dXO(X)p(X|M)Ǒ÷*�Mþ�Xn²þ§Ïdþ¡�(J`�Ò´§ÔÔÔnnnþþþ������mmm²²²þþþ���uuuXXXnnn²²²þþþ"5¿§�m²þÒ´·�¢SÿÔnþO�ÿ���§ÏǑ?Û¢S�÷*ÿþÑ�±Y�ãÔn���m"Ïd§ùǑÒ´`§��·�U(½�*Xnp(X|M), �·�ÒUÏLO�Xn²þ〈O〉M5ýÿÔnþ�ÿþ�",��¡§�âÀ�[ù�úª§SB(M) = kB log(Vol(M)), Ǒ=´`§À�[ù���d÷*�M���mNÈû½§z���*���zÑ´²���dd·��±?�Úb�§éu�áXÚ§��÷*��¤k�*��ÑyVÇ´þ��§=p(X|M) = cǑ~ê§?
�â8�z^�∫

M
dXp(X|M) = 1§=k

p(X|M) =
1

Vol(M)
. (3.2)·�¡ùǑ�áXÚ��VÇb�"�5¿§ùpMØ7´9²ï�§
�±´����müz��²ï÷*�"AO�§éud÷*^�(E, a)(½�9²ï�Meq(E, a)§·�k

peq(X) =
1

Vol(E, a)
, (3.3)ª¥Vol(E, a) = Vol(Meq)"Ï~ÚOÔn���Ö�¬�9ù�9²ï����VÇb�§ÏǑÏ~�ÚOÔn��Ö�¬39²ï��A^À�



1nÙ XnnØ 33[ù�úª"�ué�����²ï÷*���VÇb�´ÄÜn§�Ò�wÀ�[ù�úªò��ù«�¹´ÄÜn
§�,§\�±~�éu�²ï�À�[ù�½Â�Ün5§�´ù«½Â��U�Ñ�O\�n"k
�VÇb�±�§Xn²þ�O�Ò¤Ǒ

〈O〉M =

1

Vol(M)

∫

M

dXO(X). (3.4)wå5q����Kþ�¯KÑ)û
§��eäNO�
"�Ù¢¿vk§ÏǑ�½��÷*�§(½�Ù�Ó���m8ÜM��Ò´��4Ù(J�¯�§�39²ï��ù�¯Kâ��
��5�)û"éu�áXÚ�9²ï�§duUþÅð§¤±9²ï�éAu��mdH(X) = EǑx��Uþ­¡§�O(/`§´éAuùÜ�Uþ­¡NC������"�¤±��Ä�Uþ­¡�é�é��þÝ§´ÏǑ¢�*ÿ�°Ýo´k��§·�¿ØUýé°(/(½XÚ�Uþ"Ø�±n�íN�9²ï�Ǒ~"¤¢n�íN§Ò´d�
Ø
�p-E���℄m�	Ø�3�p�^�gdâf¤�¤�XÚ"b�ù��n�íN�µ3��ý9Ýf¥§�oÙ9²ï�Òd÷*^�(E, V )û½§Ù¥V´Ýf�NÈ"·���	�Ò´��ǑNÈV�¼êS(V )"b��©�·�^ý9���òíN�3NÈǑV0�«�S§Ýf3ù�«��	�Ü©´ý�§,��K��§4íNý9gd)ä§¿÷��Ýf§¿�ª�¤9²ï"éw,§��L§¥§íNvk�õ§ǑvkáÂ9þ(ÏǑý9)§¤±ÙSUE�±ØC"5¿���mNÈ�O�I�éz��âfÓâ��mNÈ?1È©§
n�íNØÓâf�mq´gd�§¤±ØJk
Vol(E, V )

Vol(E, V0)
=

( V
V0

)N
, (3.5)ª¥NǑâfê8"?
�âÀ�[ù�úª§=k

S(V )− S(V0) = kB log
(Vol(E, V )

Vol(E, V0)

)
= NkB log

( V
V0

)
. (3.6)?
�âØrP�½Âª ∂S

∂V
= P

T
(5guúª∂S

∂a
= J

T
)§á=k

PV = NkBT. (3.7)ùÒ´Í¶�n�íNÔ��§"
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3.2 �KXnþ�!�	�´�áXÚ§y3·��	�ã��ð§9¥R��>�XÚ§PdXÚǑS, ��EÜXÚ�±w��áXÚ§PǑS × R"Ǒ
²(å�§�!·���	9²ï�"PXÚS��*�ǑXS, 9¥R��*�ǑXR, ��EÜXÚ�oUþǑEtot, Etot �,´Åð�"du��EÜXÚ´�áXÚ§¤±�â�VÇb�§7½k
p(XS ×XR) =

1

VolS×R(Etot)
, (3.8)ª¥VolS×RL«��EÜXÚ9²ï����mNÈ"y3·����§�Ñ9¥§�'%XÚS,§?3�*�XS�VÇ´õ�ºb�XSéA�UþǑH(XS), Kd�9¥�Uþ7ǑEtot − H(XS),¤¢�Ñ9¥§ǑÒ´òp(XS ×XR)é9¥���m?1È©§l
k

p(XS) =
VolR(Etot −H(XS))

VolS×R(Etot)
∝ VolR(Etot −H(XS)). (3.9)5¿�§9¥´ã��§l
XÚS�Uþ�'u9¥�Uþ5`�½´���þ§l
�'uEtot5`§H(XS)´���þ"l
·��±òVolR(Etot −H(XS)) éH(XS)?1�V�m§?
=k

VolR(Etot −H(XS)) = VolR(Etot)−
∂VolR(Etot)

∂Etot
H(XS) + · · · (3.10)�´§�Ä�VolR(Etot)ǑdNR�þ?§Ù¥dǑ,��u1�ê§NRǑ9¥�âfê§
Etot�Ǒ2òþò�'uNR, ¤±þã�V�m����Xê7½ǑXeþ?

∂VolR(Etot)

∂Etot
∼ dNR

NR
, (3.11)�Ä�9¥´ã��§NR�~�(≫ 1023)§¤±ù�����XêÙ¢�~ã�"Xd�5§=�H(XS)�é�§Ǒ�{�y�V�m����?�´��"¤±§þã�m�{¢Sþv{^"
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��VolR(Etot −H(XS))���ý�û��Cq§·�|^À�[ù�úª§l
=k
VolR(Etot −H(XS)) = eS(Etot−H(XS))/kB , (3.12),�òS(Etot −H(XS))éH(XS)?1�V�m§¿5¿�∂S(Etot)

∂Etot
= 1

T
´k��§ª¥TǑ9¥�§Ý"l
=k

VolR(Etot −H(XS)) = eS(Etot−H(XS))/kB = eS(Etot)/kBe
−

H(XS)

kBT ∝ e
−

H(XS)

kBT .(3.13)�\(3.9)ª§=k
p(XS) ∝ e−H(XS)/kBT , (3.14)'~Xê�±ÏL8�z^�(½§Ø�PǑ1/Z,l
=k
p(XS) =

1

Z e−H(XS )/kBT . (3.15)ÏL8�z^�∫
p(XS)dXS = 1§ØJ(½

Z =

∫
dXe−H(X)/kBT . (3.16)Ï~¡(3.15)ª�Ñ�XÚS3�9¥�¤9²ï���*XnǑ���KKKXXXnnn§¿¡(3.16)ª�Ñ�ZǑXÚS9²ï���©¼ê"<�Ï~P1/(kBT ) = β§¡�Ǒ_§Ý"y3§Ø�rXÚS��*�{PǑX ,¿5¿�S�M�îþH(X)��5`��6uXÚ¤?�÷*åÆ^�a,KS��KXn�±�¤

p(X) =
1

Z e−βH(X|a). (3.17)éw,§Z�6u§ÝT§Ó���6uåÆ^�a,Ïd�±PǑZ(T, a)"?
�±�Ñ?¿ÔnþO�Xn²þ
〈O〉 ≡ 1

Z

∫
dXO(X)e−βH(X|a). (3.18)AO�§�â�©¼ê�½Â§kUþ²þ�E(T, a)Ǒ

E ≡ 〈H〉 = − 1

Z
∂

∂β
Z = − ∂

∂β
logZ. (3.19)



1nÙ XnnØ 36XÚS�ð§9¥�mkUþ��(9þ��)§ÏdÙUþ¿Ø´���½��§Ǒ,Uþ�²þ�´�½�§�´Uþ��5`¬�7Xù�²þ�Þá"ØJ��Uþ�þ��ÞáǑ
σ2
E ≡ 〈H2〉 − 〈H〉2 = ∂2

∂β2
logZ = −∂E(T, a)

∂β
= kBT

2∂E(T, a)

∂T
= kBT

2Ca.ª¥Ca ≡ ∂E(T,a)
∂T
ǑXÚ�9N"duUþE´2òþ§39åÆ4�e�'uXÚ�âfêN , 
§Ý´rÝþ§�N�'§¤±9NCaǑ´2òþ§Ó�§Uþ�þ��Þáσ2

EǑ´2òþ§�'uN , l
σE ∝
√
N"¤±Uþ��éÞáσE/E ∝ 1/

√
N , 39åÆ4�eªu""�ó�§éu��N ∼ 1023�÷*XÚ§ÙUþ��éÞá�~�§XÚ�Uþ�Øõ���½3²þ�NC"�ÏǑXd§ù��XÚǑ,�9¥�±�>§��±w�´O�á�"���©©©¼¼¼êêê���gggdddUUU�©¼êǑ´é��m�È©§�´�­Ø´1§
´e−βH, Ïd§´��aqu�*G�êΓM (ǑÒ´Vol(M))�þ§´�*G�ê3�½§Ý
Ø´�½Uþe�éAÔ"Ïd§aqu�O\�n§·�ǑÏ��©¼ê�éêǑ´����uO\�þ"�´§3ð§9¥��¹e§·�®²��
����u~��þ§=gdUF , Ïd·�ßÿ§�©¼ê�éêAT�'u−F"�Ä�gdU´Uþþj§
�©¼ê�þj§¤±�ª·�ßÿk

F (T, a) = −kBT logZ(T, a) ½ö Z = e−βF . (3.20)(¢§ù�úª´�(�§�´·��I���y²"Äk£ÁgdUF�½Â
F = E − TS, (3.21)±9�§dF = −SdT − J · da, l


∂F

∂T
|a = −S =

F −E

T
. (3.22)



1nÙ XnnØ 37ù´��3�½÷*åÆ^�aeF (T )��©�§"Ǒ
y²(3.20), ·�ò¬y²−kBT logZ÷vÓ���©�§§¿�3T = 0��/�©^�0Ǒ�Ó"Ø�P−kBT logZ = F̃ , e¡·�5�§éT� �
∂F̃

∂T
=

∂

∂T
(−kBT logZ) = −kB logZ − kBT

∂

∂T
logZ. (3.23)�^���óª{Kr1��¥��ê^_§Ýβ­�Ǒ

∂

∂T
logZ = − 1

kBT 2

∂

∂β
logZ = − 1

kBT 2

1

Z
∂

∂β
Z =

E

kBT 2
, (3.24)�����ª¥�EÙ¢´M�îþ�Xn²þ§ǑÒ´²þUþ§ù´éuð§��XÚ§·�~~�ÑL«²þ�ÎÒ"rþ¡ù�(J�£(3.23)ª§·���

∂F̃

∂T
= −kB logZ − kBT

E

kBT 2
=

F̃ − E

T
. (3.25)��§F̃÷v��©�§�F�����"Ǒ
��/y²F̃ = F§·��I�y²§3T = 0��©�?§

F̃ (0) = F (0)"�âF�½Â§F (0) = E(0), Ǒ=�uXÚ3"§e�Uþ§ù�Uþ�½´�$��UUþ§Ø�PǑE0, ¤±F (0) = E0"ÏǑ3T = 0�§¤k�pUþ�G�é�©¼ê��z�éu�$Uþ��zÑØ$
e−∆E/kBT , (J´�¡�"¤±§T = 0�§·��I�ÄE0G�é�©¼ê��z§Ǒ=´`§ù�Z(0) = e−βE0"l

F̃ (0) = −kBT logZ(0) = E0 = F (0), (3.26)ù�·�Ò�¤
é(3.20)ª���y²"

(3.20)ª�^?3u�±(Ü
dF = −SdT − J · da, (3.27)Ïd§��·�O�Ñ
�©¼ê§Ò��
gdU¼êF (T, a)§?
=�±�âeª��Ù§9åÆ¼ê��

S = −∂F

∂T
|a, J = −∂F

∂a
|T . (3.28)
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(q1, ..., q3N , p1, ..., p3N), K�±y²:

〈X i ∂H

∂Xj
〉 = δijkBT. (3.29)ùÒ´¤¢�222ÂÂÂUUUþþþþþþ©©©½½½nnn"AO�§XJéu,�©þXj, H�¹k§��g�§Pù��g�ǑHj, K�âàg¼ê�î.½n§·�kl
Xj ∂H

∂Xj = Xj ∂Hj

∂Xj = 2Hj"l
þ¡�2ÂUþþ©½nÒw�·�
〈Hj〉 =

1

2
kBT. (3.30)ùÒ´Í¶�Uþþ©½n"é2ÂUþþ©½n�y²XeµÄk

1

β

∫
∂

∂Xj

(
X ie−βH

)
dXj = 0, (3.31)ùp·�b½��m�¡�?H → +∞, l
X ie−βH → 0. ,��¡

1

β

∫
∂

∂Xj

(
X ie−βH

)
dXj =

1

β
δij

∫
e−βHdXj −

∫
X i ∂H

∂Xj
e−βHdXj. (3.32)nÜ±þü�(J§=k

∫
X i ∂H

∂Xj
e−βHdXj = kBTδij

∫
e−βHdXj. (3.33),	§�âÔnþÏ"��½Â§

〈X i ∂H

∂Xj
〉 = 1

Z

∫
dXX i ∂H

∂Xj
e−βH

=
1

Z

∫ [ ∫
X i ∂H

∂Xj
e−βHdXj

]
dX̂j, (3.34)ª¥dX̂jL«édX¥ØXj�	�¤kCþÈ©"�\þ�ã�(J§=k

〈X i ∂H

∂Xj
〉 = kBTδij

1

Z

∫
e−βHdX = kBTδij. (3.35)l
Òy²
2ÂUþþ©½n"
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3.3 Þ~
1. n�íNµy3r�KXnA^uµ3NÈǑV�Ýf¥�n�íN§b�Ýf¿Øý9§
´�	.§ÝǑT�ð§�¸��>"du|¤n�íN�âf�m��p�^�u)3-E���℄m§�ØTCâf-E
��oÄU§Ïd3ÝfSÜ(Ø�)>.)§XÚ�M�îþÒ´

H(X) =

N∑

i=1

p2
i

2m
, (3.36)ª¥m´âf��þ§pi´1i�âf�Äþ"Ïd§�Ǒ�KXn§ÝfSÜ�VÇ©ÙǑ(Ýf	¡VÇ�,Ǒ")

p(X) =
1

Z exp
[
− β

N∑

i=1

p2
i

2m

]
. (3.37)�A��©¼êǑ(éuùpÈ©�O�L§§�ë�N¹'updÈ©�O�")

Z(T, V ) =

∫ N∏

i=1

d3xid
3pi

(2π~)3
exp

[
− β

N∑

i=1

p2
i

2m

]

= V N
(mkBT

2π~2

)3N/2
. (3.38)?
�±�ÑgdUǑ

F = −kBT logZ = −NkBT
[
log(V ) +

3

2
log

(mkBT

2π~2

)]
, (3.39)ùp®²�
9åÆ4�"?�Ú�±���Ǒ

S = −∂F

∂T
= NkB

[
log(V ) +

3

2
log

(mkBT

2π~2

)]
+

3

2
NkB. (3.40)Ó����SU�Ï"�Ǒ

E(T ) = −∂ logZ
∂β

=
3

2
NkBT. (3.41)
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dT

= 3
2
NkB"aq�§���XÚ�ØrǑ(�âJ = −∂F

∂a
)

P = −∂F

∂V
=

NkBT

V
⇒ PV = NkBT. (3.42)ù�(J�
¡�Ñ�(J��"éw,§du�âf�m´�pÕá�§p(X)�±©)¤p(X) =

p(p1)p(p2) · · ·p(pN)�/ª§Ù¥
p(p1) =

1

Z1
exp

[
− β

p2
1

2m

]
, (3.43)ª¥Z1dp(p1)�8�z^�(½"ù�(Jw�·�§��n�íN©f�ÄþǑp1�VÇ§ùǑÒ´¤¢�ð�d��Ý©ÙÆ"3{¤þ§�Ý©ÙÆ�JÑI�XÚOÔný��mà"

2. 'A�ÚOåÆµ�y3Ǒ�·�¤ïÄ�Ñ´�*âf¤�¤�XÚ§�*âf�G�´ëY�",
aq�?nǑ�±í2�G�lÑ��N¤�¤�XÚ"�;.�Ò´'A§��'A=kü�lÑG�§0Ú1"Ônþ§0��U´,«Ô��$UG�§1�K´pUG�('XÏLp$>Ø¢y)§Ø��ü�'A0��UþǑ0, 1��UþǑǫ"·��ïÄ�Ò´N�'A¤�¤�XÚ"éw,ùXÚ�?Û��G�f�éA��N �2?�ê§X(001001100),

(101001101)(±N = 9Ǒ~), ��/�±P�(n1n2 · · ·nN), ª¥ni = 0, 1"XÚ�oUþd∑N
i=1 niǫ�Ñ"éw,§ù�oUþ��d1�'A�oê8∑N

i=1 ni = N1 ≤ Nû½"e¡·�^�KXn5?ØùN�'A�ÚOåÆ"éw,XÚ��*�ǑX = {ni}, M�îþǑH(X) = ǫ
∑N

i=1 ni, l
§�A��KXnVÇ©ÙǑ
p(X) =

1

Z exp
[
− βǫ

N∑

i=1

ni

]
. (3.44)
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∏N

i=1 pi(ni), l
N´��ü�'A�VÇ©Ù
p1(n1) =

e−βǫn1

1 + e−βǫ
. (3.45)éulÑ��*�§��mÈ©ÒATO�¤élÑ���Ú"Ïd��XÚ�A��©¼êǑ

Z(T ) =
∑

{ni}

exp
[
− βǫ

N∑

i=1

ni

]
=

( 1∑

n1=0

e−βǫn1
)
· · ·

( 1∑

nN=0

e−βǫnN
)

= (1 + e−βǫ)N . (3.46)l
�±��gdUǑ
F (T ) = −kBT logZ = −NkBT log[1 + e−ǫ/kBT ]. (3.47)?
�±���Ǒ

S = −∂F

∂T
= NkB log[1 + e−ǫ/kBT ] +NkBT

( ǫ

kBT 2

) e−ǫ/kBT

1 + e−ǫ/kBT
. (3.48)Uþ�Ï"�Ǒ

E(T ) = −∂ logZ
∂β

= N
ǫe−βǫ

1 + e−βǫ
= N

ǫ

eǫ/kBT + 1
. (3.49)éw,§�T > 0�§E(T )´T�üNO¼ê§T = 0�E = 0, ���X§Ý�,p§EǑ�XO\§�T = +∞�§E�����Nǫ/2"XJoUþ�Lù��§�XÚÒ?uK§ÝG�"�´§��4K§ÝXÚ�±��§Ý��¸�>§�§Ò¬��¸D9§l
��Uþ§�ª��Uþü�Nǫ/2�e§��XÚ§ÝCǑ�§¿ÅìÚ�¸�¤9²ï"�±½Âù�XÚ�9NþC§ǑÒ´§Ýz,p�ÝUþE�O\þ"ØJ��

C =
dE

dT
= NkB(ǫ/kBT )

2 exp(ǫ/kBT )
[
exp(ǫ/kBT ) + 1

]−2
. (3.50)ØJw�T → +∞�§C → 0",	§Ǒ�±5¿�T → 0+�§C ∝

exp(−ǫ/kBT ) → 0, ù´�«�$U�Ú�$-u��mkUY(3ùpÒ´ǫ)�XÚ�;.1Ǒ"
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3.4 êÆN¹pdÈ©´�±eÈ©µ
∫ ∞

−∞

e−x2

dx =
√
πe¡�Ñ��~��í��{§|^�­È©Ú4�IC�"í�Ú½µ

1. ½ÂÈ©µ-I =
∫∞

−∞
e−x2

dx"du�È¼ê´ó¼ê§k�Ǒ�Äl0 ��¡�È©§�ùp·�?n��¢ê¶"
2. �Ä�­È©µO�I2µ

I2 =

(∫ ∞

−∞

e−x2

dx

)(∫ ∞

−∞

e−y2dy

)
=

∫ ∞

−∞

∫ ∞

−∞

e−(x2+y2)dxdyù´��3��xy-²¡þ��­È©"
3. =�Ǒ4�IµÏd§
I2 =

∫ 2π

0

∫ ∞

0

e−r2rdrdθ = 2π

∫ ∞

0

e−r2rdr = 2π
1

2

∫ ∞

0

e−r2d(r2) = π

4. �Ñ(Øµ
I2 = π ⇒ I =

√
π¤±§ ∫ ∞

−∞

e−x2

dx =
√
π
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§3ý¢XÚ¥âf�m��p�^  å�û½5��^"�Ùò±f�p�^íNǑ~§?ØXÛ|^ÚOÔnïÄ�p�^âf¤|¤�XÚ§AO´?ØXÛO�Ñù��XÚ��©¼ê§ÏǑÙ§9åÆþÑ�±|^�©¼ê�Ñ5"�Ù0���{´?1CqO�§äN5`´�6�m§AO´|^ã/L«5?1�6�m"òÜ·�Cq�{A^u�«�p�^âfXÚ®²¤Ǒy�ÚOåÆ�Ì�|¤Ü©"
4.1 �ÓâfNX3äN?Øf�p�^íN�
§k��é�KXn��?���;�`�e"=b�·��	�XÚ´�ÓâfXÚ§ǑÒ´XÚ¥�N�âfÑ´Ó�«âf§ǑÒ´�p�mØ�«©��Óâf"�o3?1��mÈ©�����?U§äN5`§Ò´I�ò��mNÈ�?�Ú?�¤
dX ≡ 1

N !

N∏

i=1

d3rid
3pi

(2π~)3
, (4.1)=�õØ±��N !"?U��ÏXeµb�P1i�âf� �ÚÄþǑ(ri,pi), KXJù
Ñ´�Óâf§��:(r1, r2, ..., rN ,p1,p2, ...,pN) �âf?¿��±���:(rP (1), rP (2), ..., rP (N),pP (1),pP (2), ...,pP (N))(ª¥P�L��ö�) Ò��ÓǑÓ�:§ÏǑduâfmØ�«©§§�£ãÓ���*G�"duN�âf�kN !«ØÓ���§¤±·�¢Sþ�rN !��:?1ù
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1oÙ f�p�^íN 44���Ó"b�rÏ~���mPǑM, �Xd��§�ÓâfXÚ���mÒØ2´�5�M
§
´?1ù���Ó±��M/SN, ùpSN�LN !�ØÓ���8Ü"Xd�5§O���mÈ©��ÿ§ÒAT´�e¡ù�È
∫

M/SN

dX [...], (4.2)

[...]�L�È¼ê"XJǑ
�B·��,òÈ©«��±Ǒ�5�M§�·�Òõ�
N !�§l
��	Ø±N !§=
∫

M/SN

dX [...] =
1

N !

∫

M

dX [...]. (4.3)�,§���*:Ò´ò�5�È©NÈ�?U¤(4.1), Ó��,òXÚ��m�Ǒ�5�M"
4.2 �©¼ê
¡·�^ÚOÔn��n�	
n�íNXÚ§ǑÒ´M�îþ¥�I�¹�p�^��âfNX"�´§�y¢�õâfNXÑ´âfm��p�^�ØU�Ñ�NX§'Xy¢¥�íNÒ´ù��NX§�ÏǑk
ù
�p�^�§·�âUn)íN=C¤�N��Cy�"k
�p�^�±��©¼ê�O�ÒC�(Jå5§  I�u�XÚ�Cq�{§�!òéf�p�^�íNu�ù���«CqO��{"¤¢�f�p�^íN§Ò´�Ýé$±�u�±éâfm��p�^?1�6�m�íN"l
¡Ù!¥én�íN�?Ø�±wÑ§ÚOÔn�'�Ú½Ò´O��©¼ê§k
�©¼êÒUO�Ñ�«9åÆþ"¤±§4·�lO�f�p�^íN��©¼êm©"Äk§�ÑXÚ�M�îþ

H(X) =

N∑

i=1

p2
i

2m
+ U(r1, r2, · · · , rN), (4.4)ª¥UǑâfm��p�^³U§Ï~�Úâf� ��Irik'"?�Ú§·�b�âfm��p�^Ñ´üN�^§ǑÒ´�u)3âfé�
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U = u1,2 + u1,3 + · · ·+ u1,N + u2,3 + · · ·+ · · ·uN−1,N =

∑é ui,j, (4.5)ª¥ui,jL«iâf�jâfù�éâfm��p�^³U§=ui,j = V (ri, rj)"Ǒ
O�XÚ��©¼ê§=´�O�XeÈ©
Z =

1

N !

1

(2π~)3N

∫
d3r1 · · · d3rNd3p1 · · · d3pNe

−βH(X). (4.6)5¿��p�^�Úâf� ��Ik'§ÚÄþ�'§l
éÄþ�I�È©Ù¢Ún�íN��/����"'�`§
∫

d3pie
−βp2

i /2m = (2πmkBT )
3/2. (4.7)l
=�±òþã�©¼ê�¤

Z = Zideal · Zc, (4.8)Ù¥ZidealÒ´n�íN��©¼ê§Ǒ=´
Zideal =

V N

N !

(mkBT

2π~2

)3N/2
. (4.9)

Zc�,Ò´é ��IÈ©�Ü©§äN5`
Zc =

1

V N

∫
d3r1 · · · d3rNe−βU . (4.10)Ï~¡ZcǑ /È©(configuration integral), w,§���'�Ñ3XÛO�ù� /È©"dub�âfm��p�^Ñ´üN�^§Ïd�\(4.5)ª§=�±?�Úò(4.10)ª�¤

Zc =
1

V N

∫
d3r1 · · · d3rN

∏é e−βui,j . (4.11)ª¥∏éL«é¤kØÓ�i, jé��È"l
§XÚ�gdUÒ�±©)¤n�íNÚ /È©üÜ©��z�Ú
F = −kBT logZ = −kBT logZideal − kBT logZc. (4.12)
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4.3 8ì�mǑ
�Ñ(4.11)ª§�ª�,�I���ui,j�äNúª"�´y3§·��I���§�Xâfi, j�mål�C�
CǑ"Ò�±
"
Ù´éu�Ýé$�D�íN
ó§âfm�ålÑé�§±�uβui,j ≪ 1,ÏdÀ�[ùÏfe−βui,jé�Cu1"Äuù�:§Ø�òe−βui,j�1� �L«Ñ5§=½Â
e−βui,j ≡ 1 + fi,j , (4.13)ª¥fi,j¡�ò�f¼ê(Mayer f-function ), éuD�íN
ó§´���þ"l
¤kù
À�[ùÏf��ÈÒ´

∏é e−βui,j =
∏é (1 + fi,j)

= (1 + f1,2)(1 + f1,3) · · · (1 + f1,N)(1 + f2,3) · · · (1 + fN−1,N).XJ·�r�ªm>��È�m§1��Ò´1§1��Ò´¤kü�f¼ê�Ú§1n�´ü�ØÓf¼ê�È��Ú�§�daí"=
∏é e−βui,j = 1 +

∑é fi,j +
∑ü�ØÓ�é fi,jfk,l + · · · . (4.14)�£ /È©�L�ª(4.11)ª§=k

Zc =
1

V N

∫
d3r1 · · · d3rN

(
1 +

∑é fi,j +
∑ü�ØÓ�é fi,jfk,l + · · ·

)
. (4.15)duf´�þ§¤±·�Ï"ù��m?ê�z���X¤¹f��ê�5�õ
C��5�Ø­�§$�3¢SA^¥  �I�Äù��m?ê�
�ü�Ò�±
"þª�1��Ø�¹f , �~{ü§ /�È©�Ñ�Ò´Ýf�NÈV , l


1

V N

∫
d3r1 · · ·d3rN(1) = 1. (4.16)



1oÙ f�p�^íN 471��´¤kü�f�Ú�È©§Ø�±f1,2�È©Ǒ~§ÏǑ§��6ur1, r2,¤±
1

V N

∫
d3r1 · · · d3rNf1,2 =

1

V N
V N−2

∫
d3r1d

3r2f1,2 =
1

V 2

∫
d3r1d

3r2f1,2.(4.17)
duf1,2�ü�eI�I��d3r1, d
3r2�éA§¿ØI�ý��Lâf1,

2. Ïd§¤kÙ§f�È©(J�þ¡����§duØÓf�oê8ǑN(N − 1)/2, ¤±(4.15)ª�1��Ù¢�u
1

V N

∫
d3r1 · · · d3rN

(∑é fi,j
)
=

1

2

N(N − 1)

V 2

∫
d3r1d

3r2f1,2. (4.18)3UY�
§·�5Ǒþ¡ù�L�ªÚ\��ã/L«�Ǒ �§ù� �ǑòǑ·�Jø��Ônþ�)º"ù�È©éA�ã/´�é:§¿d�^��ë�§ùü�:©O�Lâf1Úâf2§ë��Lù�éâfm��p�^µ
=

1

2

N(N − 1)

V 2

∫
d3r1d

3r2f1,2. (4.19)��5`§òã/L«=�Ǒúª�Ú½Xeµ
1. :l1m©Oê§éu1i�:§�eL�ª(1/V )

∫
d3ri"11�:�±N , 12�:�±N − 1§13��±N − 2§±daí"

2. éuë�i, j:��§�e�È¼ê¥�Ïffi,j(5¿fi,j = fj,i)"ØÓë�éA��ÈÏf´���"
3. Ø±ù�ã/�ééé¡¡¡ÏÏÏfff§=µ3ØUCéA�f¼ê�È��¹eé:?1?Ò��ªê§Ǒ=�±ã/ØC�:�ü�ê"'�`þ¡��ã�é¡ÏfÒ´2"�Ǒ«~§Ø�?�Ú�	(4.15)ª¥�1n�§kü�ØÓf¼ê�È��Ú�"ù
�Ú¥�¹
üéâfk��ú�âf��¹Úvkú�âf��¹"k��ú�âf�§��93�âf§Ù§âf� /È©Ñ´NÈV"ù�����ê´N(N − 1)(N − 2)/2, =

=
1

2

N(N − 1)(N − 2)

V 3

∫
d3r1d

3r2d
3r3f1,2f2,3. (4.20)



1oÙ f�p�^íN 48ù�ã3ÔnþL«��âfÓ�Úü�ØÓ�âf�p�^"�vkú�âf�§�94�âf§ù����êǑN(N − 1)(N − 2)(N − 3)/8"=
( )

=
1

23
N(N − 1)(N − 2)(N − 3)

V 4

∫
d3r1d

3r2d
3r3d

3r4f1,2f3,4. (4.21)ù�ã3ÔnþL«üéâf�p�^
é�é�mvk�^��¹"éuùü�ã§þ¡�Ú½�±O(/�Ñ�A�L�ª"y3ATØJwÑ§�� /È©�±�¤Xeù��X�ã�Úµ
Zc = 1 + + +

( )
+ + +

+
( )

+
( )

+ · · · . (4.22)z���U�ãÑf�3Ú¥Ñy�g§z��:���,	��:�ë§¿�zé�ë�:�U�ë��g"·�Ø¬?Øù��m�äNy²§�§�(´�(�" /È©�ù«L«Ò´¤¢�ã)�6?êµ1��1L«��p�^�/n�0íN�¹§Ù{�L«âfm��p�^éù«n��¹��6?�"��é$�Ý�D�íN
ó§·�Ï"§{ü�ã'E,�ã�­�§Ǒ,�Kþ\�±O�?¿E,�ã��z"=�éuD�íN§·�ǑØU��3Zcã)�m�
A�"·�êþÒ�w�§=�éu�{ü��kü�:�ë�ã§Ù�ÚǑ��u1§=Xe?ê
1 + +

( )
+
( )

+ · · · (4.23)��é����â¬Âñ(�é¡ÏfO��é��)"lÔnþù§ù´ÏǑ�p�^âfé�Ó��^3Né��Ù¢�~~�"3�§ù�Ú�±�z{"du�Ä�´Né��9åÆ4��¹§¤±·��±b�N = N − 1 = N − 2 = · · ·"qdu�¹n����Ófã�ã�é¡ÏfǑn!"¤±§þ¡ù�S��±z{¤
1 + +

1

2!

( )2

+
1

3!

( )3

+ · · · = exp
( )

(4.24)�é{`§pØ�ë�Ó�fã|¤�¤kãÜå5Ò´Tfã��ê¼ê"
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ü:�ë�fã	§·��I��ÄÙ§�§�X(4.20)���fã��z",
§39åÆ4�e§�E,�ã�±u)�p-�§���(J´Zc�±�¤�
ã�Ú��ê¼ê§ù
�Ú�ã´���KKK???ÛÛÛ���:::������eee���ÜÜÜ©©©EEE,,,ëëëÏÏÏ���ãããµ
Zc = exp

(
+ + + + + · · ·

)
. (4.25)î�5`§ù�úªØ´AOO(§�3N → ∞
N/V�½�9åÆ4�e§§´O(�"Ó�§·�Ø¬�Ñù�úª�y²"ª(4.25)¥�z��ãÑ¡���8ì§ÏǑ§�L
�«âfmÓ��p�^�8ì"ù�úªÒ¡�Ǒ /È©�8ì�m"8ì�m´��é��?ê§éuD�íN
ó§º:õ�8ìo´'º:��8ì�z�"£��e§XÚ�gdU´n�íNÚ /È©üÜ©��z�Ú

F = −kBT logZ = −kBT logZideal − kBT logZc. (4.26)�\8ì�múª(4.25)§=k
F = Fideal − kBT

(
+ + + · · ·

)
(4.27)¤±§íN�ØrÒ´

P = −∂F

∂V
=

NkBT

V
+ kBT

∂

∂V

(
+ + + · · ·

)
, (4.28)ª¥·��\
n�íNØrúª"é²w§��·��±�Ñ�
8ìã§�Ò�±U?n�íN½Æ
"

4.4 1��pXêy3�	�{ü��kü�º:�ã
=

1

2

N2

V 2

∫
d3r1d

3r2f1,2. (4.29)



1oÙ f�p�^íN 50b�f¼ê��6uü�âf�m�ål§Ø�-r = r2 − r1, ¿òér2�È©O�¤ér�È©§l
=k
=

1

2

N2

V 2

∫
d3r1

∫
d3rf(r) =

1

2

N2

V

∫
d3rf(r). (4.30)ª¥f(r) = e−βu(r) − 1§¿���ÈK
ér1�È©"�\Ør�O�úª(4.28),=k

P =
NkBT

V
+ kBT

∂

∂V

[1
2

N2

V

∫
d3rf(r)

]
+ · · ·

=
NkBT

V
− kBT

[1
2

N2

V 2

∫
d3rf(r)

]
+ · · ·

=
NkBT

V

[
1− 1

2

N

V

∫
d3rf(r) + · · ·

]
. (4.31)Ï~<�òù�L�ª�¤Xe�p�m�/ª

P =
NkBT

V

[
1 +

B(T )

(V/N)
+

C(T )

(V/N)2
+ · · ·

]
, (4.32)éw,§Ù¥1��pXêB(T )Ǒ

B(T ) = −1

2

∫
d3rf(r). (4.33)3¢SA^¥§âf  ´vk[È>ó4Ý�©f§§�3�ål?kfáÚå§
3áål?kr��ü½å"¿�§éuvk[È>ó4Ý�©f§Ù�§þ��fáÚ5guü�©fó4Ý�Þá§§3,��©f¥p�Ñ��ó4Ý§,�p�áÚ"�±y²§ù��áÚå�1/r7P~§l
�A�³U�1/r6P~"¤±~~�±^Xe�¹
��M¥ü½Ü©�����d³5�[©fm��p�^³Uu(r)§

u(r) =




+∞ r < r0

−u0(r0/r)
6 r ≥ r0

. (4.34)Ø�Ò±ù�³UǑ~§äN��eB(T )"duf(r) = e−βu(r) − 1, éw,§�r < r0�§f(r) = −1, ¤±
∫

d3rf(r) = 4π

∫ +∞

0

r2drf(r)

=4π

∫ r0

0

r2dr(−1) + 4π

∫ +∞

r0

r2dr
[
eβu0(r0/r)6 − 1

]
. (4.35)
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βu0 ≪ 1, l
eβu0(r0/r)6 − 1 ≈ βu0(r0/r)
6, ?
�±Cq/�Ñþ¡�È©§Ǒ

∫
d3rf(r) =

4πr30
3

( u0

kBT
− 1

)
= 2

( a

kBT
− b

)
. (4.36)ª¥a =

2πr30u0

3
, b =

2πr30
3
"�\Ør��p�múª§=k

P =
NkBT

V

[
1 +

(
b− a

kBT

)

(V/N)
+ · · ·

]
. (4.37)�Ñp��pXê§¿b�Nb/V ≪ 1(l
 1

(V−Nb)
= 1

V
(1 + Nb

V
)), ?
���n=��

(
P +

N2

V 2
a
)
(V −Nb) = NkBT. (4.38)ùÒ´Í¶��n�íN�����d�§"


