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1 fff���ppp���^̂̂íííNNN
¡·�^ÚOÔn��n�	
n�íNXÚ§ǑÒ´M�îþ¥�I�¹�p�^��âfNX"�´§�y¢�õâfNXÑ´âfm��p�^�ØU�Ñ�NX§'Xy¢¥�íNÒ´ù��NX§�ÏǑk
ù
�p�^�§·�âUn)íN=C¤�N��Cy�"k
�p�^�±��©¼ê�O�ÒC�(Jå5§  I�u�XÚ�Cq�{§�!òéf�p�^�íNu�ù���«CqO��{"¤¢�f�p�^íN§Ò´�Ýé$±�u�±éâfm��p�^?1�6�m�íN"
1.1 ���©©©¼¼¼êêêl
¡Ù!¥én�íN�?Ø�±wÑ§ÚOÔn�'�Ú½Ò´O��©¼ê§k
�©¼êÒUO�Ñ�«9åÆþ"¤±§4·�lO�f�p�^íN��©¼êm©"Äk§�ÑXÚ�M�îþ

H(µ) =
N
∑

i=1

p2
i

2m
+ U(r1, r2, · · · , rN), (1)ª¥UǑâfm��p�^³U§Ï~�Úâf� ��Irik'"?�Ú§·�b�âfm��p�^Ñ´üN�^§ǑÒ´�u)3âfé�m(�Ù{âf�')§äN5`§=�

U = u1,2 + u1,3 + · · ·+ u1,N + u2,3 + · · ·+ · · ·uN−1,N =
∑é ui,j, (2)ª¥ui,jL«iâf�jâfù�éâfm��p�^³U§=ui,j = V (ri, rj)"Ǒ
O�XÚ��©¼ê§=´�O�XeÈ©

Z =
1

N !

1

(2π~)3N

∫

d3r1 · · · d
3rNd

3p1 · · ·d
3pNe

−βH(µ). (3)5¿��p�^�Úâf� ��Ik'§ÚÄþ�'§l
éÄþ�I�È©Ù¢Ún�íN��/����"'�`§
∫

d3pie
−βp2

i /2m = (2πmkBT )
3/2. (4)
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l
=�±òþã�©¼ê�¤
Z = Zideal · Zc, (5)Ù¥ZidealÒ´n�íN��©¼ê§Ǒ=´

Zideal =
V N

N !

(mkBT

2π~2

)3N/2
. (6)

Zc�,Ò´é ��IÈ©�Ü©§äN5`
Zc =

1

V N

∫

d3r1 · · · d
3rNe

−βU . (7)Ï~¡ZcǑ /È©(configuration integral), w,§���'�Ñ3XÛO�ù� /È©"dub�âfm��p�^Ñ´üN�^§Ïd�\(2)ª§=�±?�Úò(7)ª�¤
Zc =

1

V N

∫

d3r1 · · · d
3rN

∏é e−βui,j . (8)ª¥∏éL«é¤kØÓ�i, jé��È"l
§XÚ�gdUÒ�±©)¤n�íNÚ /È©üÜ©��z�Ú
F = −kBT logZ = −kBT logZideal − kBT logZc. (9)

1.2 888ììì���mmmǑ
�Ñ(8)ª§�ª�,�I���ui,j�äNúª"�´y3§·��I���§�Xâfi, j�mål�C�
CǑ"Ò�±
"
Ù´éu�Ýé$�D�íN
ó§âfm�ålÑé�§±�uβui,j ≪ 1, ÏdÀ�[ùÏfe−βui,jé�Cu1"Äuù�:§Ø�òe−βui,j�1� �L«Ñ5§=½Â
e−βui,j ≡ 1 + fi,j , (10)ª¥fi,j¡�ò�f¼ê(Mayer f-function ), éuD�íN
ó§´���þ"l
¤kù
À�[ùÏf��ÈÒ´

∏é e−βui,j =
∏é (1 + fi,j)

= (1 + f1,2)(1 + f1,3) · · · (1 + f1,N)(1 + f2,3) · · · (1 + fN−1,N).
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XJ·�r�ªm>��È�m§1��Ò´1§1��Ò´¤kü�f¼ê�Ú§1n�´ü�ØÓf¼ê�È��Ú�§�daí"=
∏é e−βui,j = 1 +

∑é fi,j +
∑ü�ØÓ�é fi,jfk,l + · · · . (11)�£ /È©�L�ª(8)ª§=k

Zc =
1

V N

∫

d3r1 · · · d
3rN

(

1 +
∑é fi,j +

∑ü�ØÓ�é fi,jfk,l + · · ·
)

. (12)duf´�þ§¤±·�Ï"ù��m?ê�z���X¤¹f��ê�5�õ
C��5�Ø­�§$�3¢SA^¥  �I�Äù��m?ê�
�ü�Ò�±
"þª�1��Ø�¹f , �~{ü§ /�È©�Ñ�Ò´Ýf�NÈV , l

1

V N

∫

d3r1 · · ·d
3rN(1) = 1. (13)1��´¤kü�f�Ú�È©§Ø�±f1,2�È©Ǒ~§ÏǑ§��6ur1, r2,¤±

1

V N

∫

d3r1 · · · d
3rNf1,2 =

1

V N
V N−2

∫

d3r1d
3r2f1,2 =

1

V 2

∫

d3r1d
3r2f1,2.(14)
duf1,2�ü�eI�I��d3r1, d

3r2�éA§¿ØI�ý��Lâf1,

2. Ïd§¤kÙ§f�È©(J�þ¡����§duØÓf�oê8ǑN(N − 1)/2, ¤±(12)ª�1��Ù¢�u
1

V N

∫

d3r1 · · · d
3rN

(

∑é fi,j
)

=
1

2

N(N − 1)

V 2

∫

d3r1d
3r2f1,2. (15)3UY�
§·�5Ǒþ¡ù�L�ªÚ\��ã/L«�Ǒ �§ù� �ǑòǑ·�Jø��Ônþ�)º"ù�È©éA�ã/´�é:§¿d�^��ë�§ùü�:©O�Lâf1Úâf2§ë��Lù�éâfm��p�^µ

=
1

2

N(N − 1)

V 2

∫

d3r1d
3r2f1,2. (16)
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��5`§òã/L«=�Ǒúª�Ú½Xeµ
1. :l1m©Oê§éu1i�:§�eL�ª(1/V )

∫

d3ri"11�:�±N , 12�:�±N − 1§13��±N − 2§±daí"
2. éuë�i, j:��§�e�È¼ê¥�Ïffi,j(5¿fi,j = fj,i)"ØÓë�éA��ÈÏf´���"
3. Ø±ù�ã/�ééé¡¡¡ÏÏÏfff§=µ3ØUCéA�f¼ê�È��¹eé:?1?Ò��ªê§Ǒ=�±ã/ØC�:�ü�ê"'�`þ¡��ã�é¡ÏfÒ´2"�Ǒ«~§Ø�?�Ú�	(12)ª¥�1n�§kü�ØÓf¼ê�È��Ú�"ù
�Ú¥�¹
üéâfk��ú�âf��¹Úvkú�âf��¹"k��ú�âf�§��93�âf§Ù§âf� /È©Ñ´NÈV"ù�����ê´N(N − 1)(N − 2)/2, =

=
1

2

N(N − 1)(N − 2)

V 3

∫

d3r1d
3r2d

3r3f1,2f2,3. (17)ù�ã3ÔnþL«��âfÓ�Úü�ØÓ�âf�p�^"�vkú�âf�§�94�âf§ù����êǑN(N − 1)(N − 2)(N − 3)/8"=
( )

=
1

23
N(N − 1)(N − 2)(N − 3)

V 4

∫

d3r1d
3r2d

3r3d
3r4f1,2f3,4. (18)ù�ã3ÔnþL«üéâf�p�^
é�é�mvk�^��¹"éuùü�ã§þ¡�Ú½�±O(/�Ñ�A�L�ª"y3ATØJwÑ§�� /È©�±�¤Xeù��X�ã�Úµ

Zc = 1 + + +
( )

+ + +

+
( )

+
( )

+ · · · . (19)z���U�ãÑf�3Ú¥Ñy�g§z��:���,	��:�ë§¿�zé�ë�:�U�ë��g"·�Ø¬?Øù��m�äNy²§�§�(´�(�" /È©�ù«L«Ò´¤¢�ã)�6?êµ1��1L«��p�^�/n�0íN�¹§Ù{�L«âfm��p�^éù«n��¹��6?�"��é$�Ý�D�íN
ó§·�Ï"§{ü�ã'E,�ã�­�§Ǒ,�Kþ\�±O�?¿E,�ã��z"
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=�éuD�íN§·�ǑØU��3Zcã)�m�
A�"·�êþÒ�w�§=�éu�{ü��kü�:�ë�ã§Ù�ÚǑ��u1§=Xe?ê
1 + +

( )

+
( )

+ · · · (20)��é����â¬Âñ(�é¡ÏfO��é��)"lÔnþù§ù´ÏǑ�p�^âfé�Ó��^3Né��Ù¢�~~�"3�§ù�Ú�±�z{"du�Ä�´Né��9åÆ4��¹§¤±·��±b�N = N − 1 = N − 2 = · · ·"qdu�¹n����Ófã�ã�é¡ÏfǑn!"¤±§þ¡ù�S��±z{¤
1 + +

1

2!

( )2

+
1

3!

( )3

+ · · · = exp
( )

(21)�é{`§pØ�ë�Ó�fã|¤�¤kãÜå5Ò´Tfã��ê¼ê"�´§Ø
ü:�ë�fã	§·��I��ÄÙ§�§�X(17)���fã��z",
§39åÆ4�e§�E,�ã�±u)�p-�§���(J´Zc�±�¤�
ã�Ú��ê¼ê§ù
�Ú�ã´���KKK???ÛÛÛ���:::������eee���ÜÜÜ©©©EEE,,,ëëëÏÏÏ���ãããµ
Zc = exp

(

1 + + + + + + · · ·
)

. (22)î�5`§ù�úªØ´AOO(§�3N → ∞
N/V�½�9åÆ4�e§§´O(�"Ó�§·�Ø¬�Ñù�úª�y²"ª(22)¥�z��ãÑ¡���8ì§ÏǑ§�L
�«âfmÓ��p�^�8ì"ù�úªÒ¡�Ǒ /È©�8ì�m"8ì�m´��é��?ê§éuD�íN
ó§º:õ�8ìo´'º:��8ì�z�"£��e§XÚ�gdU´n�íNÚ /È©üÜ©��z�Ú
F = −kBT logZ = −kBT logZideal − kBT logZc. (23)�\8ì�múª(22)§=k

F = Fideal − kBT
(

+ + + · · ·
)

(24)
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¤±§íN�ØrÒ´
P = −

∂F

∂V
=

NkBT

V
+ kBT

∂

∂V

(

+ + + · · ·
)

, (25)ª¥·��\
n�íNØrúª"é²w§��·��±�Ñ�
8ìã§�Ò�±U?n�íN½Æ
"
1.3 111������pppXXXêêêy3�	�{ü��kü�º:�ã

=
1

2

N2

V 2

∫

d3r1d
3r2f1,2. (26)b�f¼ê��6uü�âf�m�ål§Ø�-r = r2 − r1, ¿òér2�È©O�¤ér�È©§l
=k

=
1

2

N2

V 2

∫

d3r1

∫

d3rf(r) =
1

2

N2

V

∫

d3rf(r). (27)ª¥f(r) = e−βu(r) − 1§¿���ÈK
ér1�È©"�\Ør�O�úª(25),=k
P =

NkBT

V
+ kBT

∂

∂V

[1

2

N2

V

∫

d3rf(r)
]

+ · · ·

=
NkBT

V
− kBT

[1

2

N2

V 2

∫

d3rf(r)
]

+ · · ·

=
NkBT

V

[

1−
1

2

N

V

∫

d3rf(r) + · · ·
]

. (28)Ï~<�òù�L�ª�¤Xe�p�m�/ª
P =

NkBT

V

[

1 +
B(T )

(V/N)
+

C(T )

(V/N)2
+ · · ·

]

, (29)éw,§Ù¥1��pXêB(T )Ǒ
B(T ) = −

1

2

∫

d3rf(r). (30)3¢SA^¥§âf  ´vk[È>ó4Ý�©f§§�3�ål?kfáÚå§
3áål?kr��ü½å"¿�§éuvk[È>ó
7



4Ý�©f§Ù�§þ��fáÚ5guü�©fó4Ý�Þá§§3,��©f¥p�Ñ��ó4Ý§,�p�áÚ"�±y²§ù��áÚå�1/r7P~§l
�A�³U�1/r6P~"¤±~~�±^Xe�¹
��M¥ü½Ü©�����d³5�[©fm��p�^³Uu(r)§
u(r) =







+∞ r < r0

−u0(r0/r)
6 r ≥ r0

. (31)Ø�Ò±ù�³UǑ~§äN��eB(T )"duf(r) = e−βu(r) − 1, éw,§�r < r0�§f(r) = −1, ¤±
∫

d3rf(r) = 4π

∫ +∞

0

r2drf(r)

=4π

∫ r0

0

r2dr(−1) + 4π

∫ +∞

r0

r2dr
[

eβu0(r0/r)6 − 1
]

. (32)b�§Ý�é'�p§l
βu0 ≪ 1, l
eβu0(r0/r)6 − 1 ≈ βu0(r0/r)
6, ?
�±Cq/�Ñþ¡�È©§Ǒ

∫

d3rf(r) =
4πr30
3

( u0

kBT
− 1

)

= 2
( a

kBT
− b

)

. (33)ª¥a =
2πr3

0
u0

3
, b =

2πr3
0

3
"�\Ør��p�múª§=k

P =
NkBT

V

[

1 +

(

b− a
kBT

)

(V/N)
+ · · ·

]

. (34)�Ñp��pXê§¿b�Nb/V ≪ 1(l
 1
(V−Nb)

= 1
V
(1 + Nb

V
)), ?
���n=��

(

P +
N2

V 2
a
)

(V −Nb) = NkBT. (35)ùÒ´Í¶��n�íN�����d�§"
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^̂̂NNN������"""���...�p�^íNáuXÚG��m(��m)ǑëY�m��/"�´§�X1�Ù¥ùãL�§ÚOÔnǑ�±í2A^uG��mǑlÑ�m��/"�!Ò´?Øù���«ÚOÔn�."
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·��ÄÅ´�ïÄ
^N�
^5"��
^áÆ´d5KüÙ��f�¤�§ù«5KüÙ¡�Ǒ¬N§z��f�½3¬N�����(¡ùǑ¬�)þ"z��fÑ�±w�´��^ó4f§ù
^ó4f���¬É	^|�KǑ§�´§éu
^áÆ5`§�­��´§z��^ó4fÑ¬É�§�>�^ó4f�KǑ"XJz�^ó4fÑª�u�Ù���^ó4f²1/üÙ§�o��áÆÒ¬k��ér�^zrÝ§l
¥yÑ
^5"�´�X§Ý�,p§^ó4f���¬�ÅÞá§�Ò¬»�
^5"¤±§�¬
^áÆ÷*þ´ÄLyÑ
^5§Ì��û�fm�p�^�§ÝÚå��ÅÞá�m�¿�"Ǒ
?�Ú{z¯K§·�b�áÆk�� ��^z¶§¿�z��f^ó4f�U²1u½ö�²1uT¶§Xã¤«(1). Psi = ±1Ǒ

Figure 1: 10× 10�/��þ���"�.��«�UG�1i�ó4f�G�§si = 1�Ló4f�þ§si = −1�Ló4f�e"��é��ó4f��p�^UǑ±J , =üö²1(Ñ�þ½öÑ�e)K�p�^UǑ−J , �²1K�p�^UǑJ"��§b���Ä�C��ó4f�m��p�^"l
��XÚ�M�îþ�±�¤
H = −J

∑

<ij>

sisj . (36)ª¥< ij >L«�é�C�ó4fi, j"Ǒ
ïÄù�XÚ�9åÆ5�§
9



·�I�O�Xe�©¼ê(��mÈ©�¤é¤klÑ��*G��Ú)

Z =
∑

{si}

e−βH . (37)ù��ÚOÔn�.Ò¡��"�."
2.1 ���������"""���...�8
Ǒ�§·��vk�½�fó4f´XÛ3�mü��§Ǒvk�½z��ó4fkõ�C�"Ǒ
�[�¬ý¢�
^áÆ§§�AT�ü�3��n�¬�þ"�´§�´4·�kw�«�{ü�ü�jµó4f÷X����5K/ü�§Xã(2)¤«§ùÒ´¤¢����"�.§d�XÚ��©¼ê�±î�O�Ñ5"

Figure 2: PkN�ó4f����"�.éu���"�.§XÚ�M�îþ´
H = −J(s1s2 + s2s3 + s3s4 + · · ·+ sN−1sN). (38)XÚ��©¼êÒ�±�¤
Z =

∑

s1

∑

s2

· · ·
∑

sN

eβJs1s2eβJs2s3 · · · eβJsN−1sN . (39)ª¥z���ÚÑ´�±1ü��"·�5¿�����'usN�ÚÙ¢´
∑

sN

eβJsN−1sN = eβJ + e−βJ = 2 cosh βJ, (40)ù�(J�sN−1´+1�´−1�'"aq�§�ù��S���Ú��±�§�±�X�ÚsN−1!sN−2��s2, zg��zÑ´2 coshβJ , ¤±o�
10



kN − 1�2 coshβJ��"��és1��Ú��Ñ��Ïf2"¤±§�ª�©¼êǑ
Z = 2N(cosh βJ)N−1 → (2 cosh βJ)N , (41)���(J´�
Né��9åÆ4�"k
�©¼ê§Ò�±O�UþÏ"�§Ǒ
〈H〉 = −

∂

∂β
logZ = −NJ tanhβJ. (42)5¿�§�T → 0�§ù�UþÏ"�ªu−NJ , ù�¤k�ó4fÑ²1üÙ"
�T → ∞�§UþÏ"�ªu0, ÏǑó4f3p§�¬�Å��"�5¿§�§Ýü$�§XÚ�(C��kS§,
§kS5´ÅìCp�§〈H〉�Ǒ§ÝT�¼ê´��1w�§vkâ,�=C"

2.2 ���������"""���...e¡·�25�Ä���"�.§äN5`´�	�fó4füÙ3Xã¤«(1)���o���þ��"�."¢Sþ§ù�ÿXÚ��©¼êǑ�±î�O�Ñ5§ØL§ù�O�'�(J§Ïd·�ùpØ��0�"��§·���3$§Úp§ü«4��¹eCqO��©¼ê§ÏǑù�ÿ�A�O��{k���Ê·5"�,§·��O���©¼ê´
Z =

∑

{si}

exp
(

βJ
∑

<ij>

sisj

)

. (43)

2.2.1 $$$§§§���mmm4·�kl§Ýé$�4�m©"ù�ÿ<�~~rXÚ�*G�UìÙUþ�E?1©a§Ó�Uþ���*G�8Ǒ�a§§�¥�z��é�©¼ê��zÑ´e−βE, b�ù���*G�ê8ǑΩ(E),�o��ù�a��zÒ´Ω(E)e−βE"é²w§3§Ýé$�§βé�§l
Uþ�p�aé�©¼ê��z��§Ïd§·����±UìUþl$�p�^
11



S§Å?/O�Ñ�©¼ê"Ø�P�$UþǑE0§g$UþǑE1§�daí§Kéw,�©¼êǑ
Z =

+∞
∑

n=0

Ω(En)e
−βEn. (44)�$U�w,´¤kó4fÑ²1ü��G�§Xã(3)¤«"duz�ó4fQ�±ÚY²����Có4f�é§q�±ÚR�����Có4f�é§¤±ù��ék2N�§z�é�UþǑ−J , ¤±�$U��UþǑE0 = −2NJ"éw,§ù���$U��kü�§©OéA¤kó4fÑ�þÚÑ�e§¤±Ω(E0) = 2"

Figure 3: �$U�E0 = −2NJ , Ω(E0) = 2�éu�$U�5`§g$U�Ò´k��ó4f���u)
�=�G�§Xã(4)¤«"duz��ó4fÑk4��C�ó4f§
ù�ó4f���=±�¬��z���Cé�UþO\2J , ¤±g$U��UþǑE1 = E0 + 8J"é²w§ü�ØÓ�ó4f�=éA�Ñ´Ó��g$U§¤±Ω(E1) = 2 × N§Ù¥
¡���2�5guÓ�ò¤kó4fÑ�L5(�þC�e§�eC�þ)"Ø�Ú\�«ã/L«�{5L«ØÓ�UþG�"3ù«L«�{¥§éuz�é������Có4f§·�x�^ùÚ�ë�"Ó�§·�ò�éu�$U��)
���=�ó4fL«¤ùÚ�º:§�u)�=�KL«Ǒ7Ú�º:"éw,§�éu�$U��Uþ§z��ØÓU��Uþ��dùÚë��ê8û½§z�^ùÚë�éAuUþ
12



Figure 4: g$U�E1 = E0 + 8J\2J"'�`g$U��ã/L«Xe
E1 = E0 + 8J

Ω(E1) = 2×N
. (45)

E2U�k6^ùÚë�§/Xeã
E2 = E0 + 12J

Ω(E2) = 2× 2N
. (46)

Ω(E2) = 2 × 2N¥�12�25guù�ã/Q�±�ù���§Ǒ�±=90Ýçå5��"
E3U�k8^ùÚë�§§kõ«�U�ã/"�{ü��«ã/Xe

E3 = E0 + 16Jê8 = 2×
1

2
N(N − 5)

. (47)3ã/��ê8¥N5gu1��ã����ª§N − 55gu1��ã¥�=ó4f����ª(=ØU��31��ã�5�º:þ)§1
2
5guü�ã���é¡5"
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E3U��k3«ØÓ��Uã/"©O´
E3 = E0 + 16Jê8 = 2×N

. (48)±9
E3 = E0 + 16Jê8 = 2× 2N

. (49)3ã/��ê8¥§N
¡õÑ5�2�5guã/�±=L90Ýç���"±9���k
E3 = E0 + 16Jê8 = 2× 4N

. (50)3ã/��ê8¥§N
¡õÑ5�4�5guã/z=L��90ÝÑ´�«ØÓ����ª"nþ=k
Ω(E3) = 2×

(1

2
N(N − 5) +N + 2N + 4N

)

= 2×
1

2
(N2 + 9N). (51)nÜþ¡¤k(J§=k�©¼ê�$§�m

Z = 2e2NβJ
(

1 +Ne−8βJ + 2Ne−12βJ +
1

2
(N2 + 9N)e−16βJ + · · ·

)

. (52)AO�§XJ·�O�logZ, ¿|^βJ ≫ 1�$§b�§Ò¬uyþª¥�N2�gÄ��
§����
logZ = log 2 + 2NβJ +Ne−8βJ + 2Ne−12βJ +

9

2
Ne−16βJ + · · · (53)3�N2�gÄ�K
§ùâ��gdU�2ò5��±�±"XJ £J��{§<�Ò¬uyN2�5gu(47)ª¥�ëÏã��z"ùw�·
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�§39åÆ4�e§�©¼ê�±�¤ëÏã�Ú��ê¼ê"
¡·�3D�íN�8ì�m¥Ǒw�
ù�5Æ"������ddd���%%%(Peierls droplets)$§�méuǑ�o��±þ��"�.k�CJø
�«Luéuª�Øy"Ǒ
)ºù�Øy§b��µó4fÑ´�þ�§3ù��µþ�=�
ó4f���§�X�=�ó4f�5�õ§b�§�3ü�²¡þë¤
��ëÏ«�§¡���/�%0"éw,§-uù��/�%0¤I��Ñ�Uþ��d/�%0�>.�û½§ÏǑ�kù�>.�ü>�ó4fâ´�²1�"Ïd§zü >.�éA2J�Uþ�Ñ(�éu�$U)§b�/�%0�±�ǑL, �o�)��ù��/�%0I��Ñ�UþÒ´
E ∼ 2JL. (54)�o§Ó�Uþ�/�%0ê8kõ�QºǑ
��§Ø���/�%0�>.´dü�²¡þ��Å1r)¤�§z�Ú1rk4��ÀJ���§¤±§�ÝǑL��U´»ê8Ǒ´»ê ∼ 4L = eL log 4. (55)ØL§�Ǒ/�%0�>.§§É����'�Å1r��î�"Äk§·�ØU�´�ò§¤±¢Sþz�Ú�øÀJ����k3�"Ùg§�Ǒ«�>.§r�LÚ±�7L£�å:"��§>.�ØUg��"�Ä�¤kù
±�§·��±�OØÓ�>.�ê8(ǑÒ´ØÓ�/�%0ê8)Ǒ

Ω(E) ∼ eαL, (56)ª¥log 2 < α < log 3"Ω(E)Ò´UþǑE(�é�$U)�/�%0��*�ê8§ÙéêÒ´�"Ǒ
O��©¼ê§·�I�é¤kù��/�%0�Ú
Z ∼

∑

L

eαLe−β2JL. (57)

15



5¿§/�%0�UþÚ�Ñ�'uL, ù¬��ùüö�m�¿�"3$§�§βé�§d�Uþ��^�L���^§�©¼ê´Âñ�"ù�ÿ�U/¤é��/�%0§ÏǑ�/�%0I�Ñ¤�Uþ�p
§ǑÏǑÌNó4fÑ´²1�§¤±ù�ÿ��XÚLyÑér�^zrÝ§ùÒ´¤¢�
^�",
§�X§Ý�O\§βm©~�§���^�5�­�§AO�§����zÚUþ��z���§���.§Ý
kBTc ∼ 2J/α. (58)d�§du���^�L
Uþ§�©¼êòC�uÑ"ù�ÿ¤kº��/�%0Ñ�U/¤§ÏǑÑ¤�Uþ�d$u���^§$§��
^�Ò�v¤
"dup§�ù�O�Ñ5��©¼êuÑ§ù`²�T > Tc�§$§�m�O��{��
"aq��{ǑUw�·�Ǒ�o���"�.vk�C"ÏǑ��/�%0�>.[��kü�:§�Ø/�%0��´õ�§éA�UþÑ¤[�´E = 4J",��¡§du/�%0�±Ñy3�����?Û/�§¤±Ω(E) ∼ N"l
ME��/�%0I��gdU��Ǒ

F ∼ 4J − kBT logN. (59)�Né��§ù�gdUo´K�(�Ø§Ý´õ�)"ùÒ¿�X���"�.o¬ª�u�)?Û�Ý�/�%0§l

^�o´¬�v¤"
2.2.2 ppp§§§���mmm
¡`L§�§Ýpu�.§ÝTc�§$§�mÒ��
"�où�ÿTXÛO����"�.��©¼êQº£�´ÏLp§�m"du´p§§¤±ù�ÿβJ ≪ 1´�þ"Äk§�eXÚ��©¼ê

Z =
∑

{si}

exp
(

βJ
∑

<ij>

sisj

)

=
∑

{si}

∏

<ij>

eβJsisj . (60)dusisj�U�±1§l
(sisj)
2 = 1, l
�â�ê¼ê��V�mØJy²

eβJsisj = cosh βJ + sisj sinh βJ = cosh βJ(1 + sisj tanh βJ). (61)
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�\þ¡��©¼ê§=k
Z =

∑

{si}

∏

<ij>

cosh βJ(1 + sisj tanhβJ)

= (cosh βJ)2N
∑

{si}

∏

<ij>

(1 + sisj tanh βJ). (62)dup§eβJ ≪ 1, ¤±tanhβJ ≪ 1, ¤±·��±rþª�m¤tanh βJ��?ê"��L§aquD�íN�8ì�m"Ïdaq�§·�Ǒ�±^ã/��ª5L«ù«�m"Äk§�m�10�§�AuØ�¹tanhβJ��m�, �â(62)ª§ù�ÿk
Z0 = (cosh βJ)2N

∑

{si}

1 = 2N(cosh βJ)2N . (63)e¡�Ä�6?�"�·��m(62)ª�§éw,§zÑy�gtanhβJÑ7½��X,�C�é< ij >, ·�òùL«ǑXeã/
i j

= sisj tanh βJ . (64)�´§�5¿(62)ª¥�k��∑

{si}
, Ïd§XJþ¡�ãüÕÑy§�odu

∑

si,sj

sisj = +1− 1− 1 + 1 = 0, (65)¤±����z7½´""XÛ���"��zQº�{´4z��siÑyóêg§ÏǑs2i = 1, ù��5é§��ÚÒØ¬-�Ǒ0
�3ã/L«þ§ùÒ¿�X§ã¥�z��º:Ñ7Lëþóê^�"¤±§+Þ��?��7½Xe
1 2

4 3
= (tanhβJ)4

∑

{si}
s1s2s2s3s3s4s4s1 = 24(tanh βJ)4 . (66)�âã/�þÆ�º:3�:Ñy� �ØÓ§ù��ã�kN�§2�Ä�Ø
ùo�º:�	§éÙ{ó4fsi�Ú��zǑ2N−4, ¤±��ùÌãé�©¼ê��zǑ

Z0N(tanh βJ)4. (67)
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e��?�5gu±�Ǒ6�ã§ù7½´��/§�±Y²��½öR���
= Z02N(tanh βJ)6 . (68)Úþ¡ØÓ§ùpL«Ñ5�Ò´ùÌãé�©¼ê��ª�z§Ù¥2N¥õÑ5�2�5guÓ�ÌãǑ�±R���"e¡�	±�Ǒ8�ã§ùkõ«�U5"ÄkÒ´XeØëÏ��U5

= Z0
1
2
N(N − 5)(tanhβJ)8 . (69)�ª(J¥�1

2
N(N − 5)Ïf´ù�5�§Äk§1�ÌfãkN��À� �§Ùg§1�Ìfã�mþÆØU�31�ÌfãØ�eÆ �	�?Û�� �§¿�ǑØU�31�ÌfãmþÆ2 m��½ö2 þ��� �§ÄKüÌfãÒ¬k�^�^�ë�§
ù^�ë��ü�:Ñ�ëÑÛê^�(3^§�x�xg��e)§���ª(JǑ""¤±§1�Ìfã�kN − 5«���ª"����Ø±2§´ÏǑüÌfã�±?1����"±�Ǒ8�Ù{�U5©OXeµ��/ã§

= Z0N(tanh βJ)8 . (70)�k��/ã§§kY²ÚR�ü«ØÓ���ª§Ïd�õÑ��2�§
= Z02N(tanh βJ)8 . (71)�kXeã/§

= Z04N(tanh βJ)8 . (72)ùÌã��z¥õÑ5�4�´ÏǑ§ò§z^=90ÝÑéA�«ØÓ����ª"¤±§±�Ǒ8�ãé�©¼ê�o�zǑ
Z0(tanh βJ)

8(
1

2
N(N − 5) +N + 2N + 4N) = Z0

1

2
(N2 + 9N)(tanh βJ)8.(73)
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nÜþ¡¤kO�§��Ñ�©¼ê�p§�mǑ
Z =2N(cosh βJ)2N

[

1 +N(tanh βJ)4 + 2N(tanh βJ)6

+
1

2
(N2 + 9N)(tanh βJ)8 + · · ·

]

. (74)�
¡$§�m�(J(52)'�§·�uy��ã��|Ü§=ùü��m?êÄ�´���(¤�')§�I�?1XeO�
e−2βJ ↔ tanhβJ. (75)ùÙ¢´���"�.��«AÏ5�§¡�Kramers-Wannier éó§ù�(J´�±î�y²�"ØL§duù�(J�ÊH5Ø
§¤±ùpÒØ0�ù�y²
"
¡J�L§ü��"�.��©¼êÙ¢�±î��Ñ5(Ǒ,O�é(J)§ù´[i�(Lars Onsager)320­V40
����Í¶(J"ÏLù�O�§[i�î�y²
ü��"�.�(¬u)�C§k���.§Ý",
§vk<�ÑLn��"�.�î�)§ù´��(J�õ�℄Ô"éun��"�.§Ï~�?n�{Ò´?1CqO�"
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